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Abstract 


Plithogenic sets introduced by Smarandache (2018) have disclosed new research vistas and this paper introduces 
the novel concept of plithogenic cognitive maps (PCM) and its applications in decision making. The new approach 
of defining instantaneous state neutrosophic vector with the confinement of indeterminacy to (0,1] is proposed to 
quantify the degree of indeterminacy. The resultant vector is obtained by applying instantaneous state vector 
through the connection matrix together with plithogenic operators comprising the contradiction degrees. The 
connection matrix is represented as fuzzy matrix and neutrosophic matrix and the resultant vector is determined by 
applying plithogenic fuzzy operators and plithogenic neutrosophic operators respectively. The obtained results are 
highly feasible in making the decision as it incorporates the contradiction degree of the conceptual nodes with 
respect to the dominant node. This research work will certainly pave the way for developing new approaches in 
decision making using PCM. 


Keywords: Plithogenic set, cognitive maps, plithogenic cognitive maps, confinement of indeterminacy, 
plithogenic fuzzy operators, plithogenic neutrosophic operators. 


1.Introduction 


Robert Axelrod [1] developed cognitive maps, a decision making tool primarily used in handling the 
system of making decisions related to political and social frameworks. A cognitive map is a directed graph with 
nodes and edges representing the concept variables or factors, and it’s causal relationships respectively. The 
intensity of the relationship between two concepts say Ci and Cj is represented by edge weights eij, where eijé {- 
1,0,1}. The value 1 represents the positive influence of Ci over Cj; 0 represents no influence and -1 represents 
negative influence. The causal relationship between the nodes is represented as a connection matrix. Cognitive maps 
have a wide range of applications in diverse fields. Nakamura et al [2] used cognitive maps in decision support 


systems; Chaib-draa [3] developed multi agent system model using cognitive maps; Klein et al [4] developed 
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cognitive maps in decision makers and other broad spectrum of its applications in student modeling whilst 
knowledge management are discussed by Alejandro Pena [5]. One of the limitations of cognitive maps is modeling 
decision making in uncertain environment. The concept of fuzzy sets introduced by Zadeh [6] was integrated with 
cognitive maps by Kosko [7]. Fuzzy cognitive maps (FCM) introduced by Kosko [7], he handled the aspects of 
uncertainty and impreciseness. In FCM, the edge weights eij € [-1,1] and the connection matrix has fuzzy values. 
The comprehensive nature of FCM has several applications such as but not limited to the pattern recognition see 
Papakostas et al [8],in the medicine see Abdollah et al [9], in large manufacturing system see Chrysostomos et al 
[10], in the field of decision making on farming scenarios see Asmaa Mourhir et al [11]. Atannsov [12] introduced 
intuitionistic fuzzy sets that deal with membership, non-membership and hesitancy values. Elpiniki 
Papageorgiou[13] extended FCM to Intuitionistic FCM models to apply in medical diagnosis and this gained 
momentum in the domain of FCM. IFCM are the extension of FCM models , that are highly applied in diverse 
fields. The connection matrix of iFCM models has intuitionistic values. Hajek et al [14-15] extended iFCM models 


into interval —valued IFCM for stock index forecasting and supplier selection. 


Smarandache [16] introduced neutrosophic sets that deal with truth, indeterminacy and falsity membership 
functions. Neutrosophic sets are applied in various domain of the natural science. Mohamed Bisher Zeina [17] 
applied neutrosophic parameters in Erlang Service Queuing Model and developed neutrosophic event-based queuing 
model. Malath [18]studied the integration of neutrosophic thick function. Salma [19] developed online analytical 
processing operations via neutrosophic systems. Neutrosophy is also extended to explore new algebraic structures 
and concepts. Agboola [20] proposed the introduction of neutrogroups and neutrorings, Riad et al [21] constructed 
neutrosophic crisp semi separation axioms in neutrosophic crisp topological spaces. Necati Olgun [22] discussed 
refined neutrosophic R-module, Ibrahim [23] explored the concepts of n Refined Neutrosophic Vector Spaces. 
Mohammad Hamidi [24] discussed Neutro — BCK-algebra. Neutrosophic research is gaining momentum and it has 
wide spectrum of applications in decision making. Abdel-Baset [25] developed a novel neutrosophic approach in 
green supplier selection and a novel decision making approach was developed to diagnose heart diseases using 
neutrosophic sets. Interval — valued neutrosophic sets are also used in decision making. Neutrosophic cognitive 
maps (NCM) introduced by Vasantha Kandasamy [26] has incorporated the concept of indeterminacy into edge 
weights. NCMs are also applied to diverse decision making scenarios by many social researchers. NCMs are widely 
applied to analyze the causal relationship between the concepts of decision making problems. Nivetha et al [27] 
developed decagonal linguistic neutrosophic FCM to analyze the risk factors of lifestyle diseases. Nivetha et al [28] 


made a case study on the problems faced by entrepreneurs using NCM. 


In NCM models, the influence of one factor over another is represented by either -1,0,1,I, where I represents 
indeterminacy. Let us consider a decision making problem comprising of five factors and the respective 5x5 
connection matrix has the values {-1,0,1,[}. The initial state vector X, [X= (10000)] has first of the factors in ON 
position and other factors in off position. X is passed into connection matrix and the resulting vector Z , [ Z = 
(al,a2,a3,a4,a5)] is updated using threshold operation by replacing ai by | if ai > g and ai by 0 if ai < g, (g is an 


integer) and ai by I, if ai is not an integer. The process is repeated until two updated resultant vectors obtained are 
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same, which is called as the fixed point or limit cycle. The process ends when the fixed point is obtained. In this 
NCM procedure suppose the fixed point is ( 1 0 1 1 I), the inference is the first factor has positive influence on third 
and fourth factors, no impact on second factor and the fifth factor is indeterminant to it. The existence of 
indeterminacy in the connection matrix and the fixed point does not give us the complete picture of the decision 
making, but if indeterminacy is quantified then the decision making will be feasible. To make so, the approach of 
indeterminacy confinement is introduced in this research work. As the connection matrix is based on expert’s 
opinion, the indeterminacy can also be confined to (0,1] based on the expert’s opinion. Also in the instantaneous 
vector any of the factors are in ON position or combination of factors are in ON position say, X = (1 0 1 01) to see 
the combined effect of the factors. In this article the factors are kept in indeterminate position and it is confined to 
give a numerical value. This is a new kind of approach in neutrosophic cognitive maps and the NCMs of this kind 


can be labeled as novel neutrosophic cognitive maps (NNCM). 


The NCM and NNCM can also be extended to plithogenic cognitive maps (PCM). Plithogenic sets 
introduced by Smarandache [29] are the generalization of crisp sets, fuzzy sets, intuitionistic fuzzy sets and 
neutrosophic sets. The membership values are mainly used to quantify the qualitative aspects. This principle of 
quantification of qualitative aspects is used as the underlying principle in the construction of plithogenic sets. The 
degree of appurtenance and the contradiction degree are the two distinctive aspects of plithogenic sets. The concept 
of plithogeny is extended to plithogenic hypersoft sets by Smarandache [30]. Plithogenic sets are widely used in 
decision making. Shazia Rana et al [31] extended plithogenic fuzzy hypersoft set to plithogenic fuzzy whole 
hypersoft set and developed plithogenic ranking model. Nivetha and Smarandache [32] developed concentric 
plithogenic hypergraphs. Smarandache [33] developed plithogenic n super hypergraph and a novel decision making 
approach is proposed by Smarandache and Nivetha [34]. Abdel - Baset [35] framed a hybrid plithogenic decision- 
making approach with quality function deployment for selecting supply chain sustainability. The compatibility of 


the plithogenic sets motivated us to incorporate the concept of plithogeny to coginitve maps. 


This research work proposes the approach of integrating plithogeny to cognitive maps to develop PCM 
models as the extension of NNCM, NCM, IFCM and FCM. The PCM model follows the underlying methodology of 
FCM but it incorporates contradiction degree to the factors of the decision making problem. If any of the factors is 
in ON position, then it becomes the dominant factor and the contradiction degree of the dominant factor with respect 
to other factors is considered. The instantaneous vector is passed into connection matric and the resultant vector is 
obtained by applying plithogenic operators. The resultant vector is updated by using the conventional threshold 
function. PCM models are classified as cognitive maps if the connection matrix is crisp; fuzzy cognitive maps if the 
connection matrix has fuzzy values; intuitionistic fuzzy cognitive maps if the connection matrix has intuitionistic 
values and neutrosophic cognitive maps if the connection matrix has neutrosophic values. Thus the proposed PCM 
models are the generalization of the earlier forms of FCM models. The incorporation of the contradiction degrees 


will certainly give us new insights in decision making. 
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The paper is organized as follows: section 2 presents the outlook of PCM; section 3 consists of the 
methodology of PCM; section 4 comprises of application of PCM in decision making; section 5 discusses the results 


and concludes the work. 


2. Plithogenic Cognitive Maps 
A plithogenic cognitive map is a directed graph consisting of nodes and edges representing the concepts and its 
causal relationship respectively . The contradiction degree of the nodes with respect to the dominant node is 


determining the fixed point. 


Let Pj, P2,..Pn denotes n nodes of PCM. The directed edge from P; to P; represents the association between 
the two nodes and the edge weights illustrate the intensity of the association between the nodes. If the edge weight 
e; € {-1,0,1} then it is plithogenic crisp cognitive maps; if ej € [-1,1] then it is plithogenic fuzzy cognitive maps; if 
ei € p((0,1]*) then it is plithogenic intuitionistic cognitive maps , if e;€ p([0,1]>) then it is plithogenic neutrosophic 
cognitive maps. Plithogenic connection matrix or adjacency matrix P(E) = (ei; ) represents the relation between the 
nodes. An instantaneous state vector in PCM of the form A = (a1, a2,..an) represents the ON-OFF-indeterminate 
position of the node at an instant of time. If a; = 1 refer to (ON state); a; = 0 refer to (OFF state) and a; = I means 
(Indeterminate state). In PCM, the indeterminate state I is confined to a value belonging to (0,1], which is the 


extension of NCM. 


Let P1,P2,P3 be three nodes of PCM. Let P1 be in ON position and P2, P3 be in off state, then the node P1 
is considered to be dominant. The contradiction degrees of other nodes with respect to dominant node are 
Pl P2 P3 
0 1/3 2/3 

















The contradiction degree represents the extent of distinctiveness between the two concepts .The value 1/3 and 2/3 is 
assigned to P2 or P3 based on the perception of decision makers who have choosen the factors of PCM. 

The instantaneous vector X = (1 0 0) is passed into P(E) and the vector which is obtained by applying 
plithogenic operators is Y. The assumed threshold operation is applied to Y and the resultant vector G is obtained. 
The recurrence of passing the resultant vector G to P(E) if results in repetition of resultant vectors then the limit 


cycle of the PCM is obtained and the resultant vector is called as fixed point. 


3. Methodology of Plithogenic Cognitive Maps 
This section presents the algorithm of obtaining the limit cycle of PCM. 


Step 1: The factors P;, P2,..P, or the concepts of the decision making problem are decided based on the 


expert’s opinion. 
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Step 2: The plithogenic connection matrix P(E) of dimension n (the number of concepts) is obtained from the causal 
relationship between the concepts. 
Step 3: The edge weight ej may belong to {1,0,1}, [-1,1], p({0,1)), p([0,1}°). The nature of the edge weights 


determines the type of plithogenic cognitive maps. 


Step 4: To determine the effect of one concept say P1, is kept in ON position and the 

contradiction degree with respect to other concepts are determined. 

Step 5: The instantaneous state vector X =(1 0000 ...0) is passed into connection matrix and by applying the 
plithogenic operators, a resultant vector is obtained, and updated by applying the threshold operation by 
assigning 1 to the values (ai) greater than k, 0 to the values (aj) lesser than k, where k - a is a suitable 
positive integer. In this proposed approach the on position of the concepts is threshold with 1 and the 
indeterminate position of the concepts will be confined with the value C. The value 0 is assigned to the 
values lesser than | and the value | is assigned to the values greater than 1. 


The plithogenic operators are defined as 
ap b= (1-c) [aap b]+c.[avp b], where c represents contradiction degree, aa, bis the thom 


defined by ab and a v ,, b is the teonorm defined by a+b - ab 


The plithogenic new neutrosophic operators are defined as 


1 
an,b=<a, Absa, A, b)+(a,V, by )ha; Vv, 33>) 


where a = (a,,@2,a3) and b = (b, b, bs), av p b= (1-c) [a Vp b]+c.l[a Ap b| 


Step 6 : The updated vector is passed into P(E) and the process is repeated until the fixed point is arrived. The fixed 
point is the limit cycle of PCM. 


4. Application of Plithogenic Cognitive Maps in Decision Making 
This section presents the application of plithogenic cognitive maps in decision making. Let us consider a 

decision making environment where the expert’s opinion is constructed to promote the farming sectors to a 
progressive phase with their suggestive strategies. The following proposed strategies of the experts are taken as the 
nodes of the PCM. 
P1 Encouraging the reverse migration by helping the socially mobilized groups with credit 

flow. 
P2 Supporting vulnerable farming areas with community driven approach 
P3 Promoting Farmer’s Productive Organizations as transformative agents 
P4 Perpetuating gender equalities to create new opportunities for women 


P5 Effective use of modern ICT to connect farmers with extension, market and continuous learning 
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The causal association between the concepts is represented as linguistic variables and it is quantified by triangular 


fuzzy numbers and the kind of PCM is plithogenic fuzzy cognitive map which is used to determine the fixed point of 


the dynamical system. 


The plithogenic fuzzy connection matrix with linguistic variables is presented as below 


P; 
P; 0 
P L 
P3 H 
P4 M 
Ps H 


Po P3 Py 
M M L 
0 H M 
H 0 M 
M L 0 
H VH M 


ro 
w 


<r e 


0 


The linguistic variables are quantified by using triangular fuzzy numbers as in Table 4.1 


Table 4.1 Quantification of Linguistic variable 


























Linguistic Variable Triangle Fuzzy Number Crisp value 
Very Low (0,0.1,0.2) 0.1 
Low (0.2,0.3,0.4) 0.3 
Medium (0.4,0.5,0.6) 0.5 
High (0.6,0.7,0.8) 0.7 
Very High (0.8,0.9,1) 0.9 











The modified plithogenic fuzzy connection matrix P(E) is 


Pl 
Pl 0 
P2 0.3 
P3 0.7 
P4 0.5 
P5 0.7 


The graphical representation of the causal association between the concepts are represented in Fig.4.1 
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P2 P3 P4 
0.5 0.5 0.3 
0 0.7 0.5 
0.7 0 0.5 
0.5 0.3 0 

0.7 0.9 0.5 


PS 
0.3 
0.3 
0.7 
0.5 
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Fig.4.1 Graphical representation of the causal relationship 
Case (i) Conventional FCM [7] 
Let us consider the conventional approach of FCM without the incorporation of contradiction degree. Let X =( 100 
0 0) 
X* P(E) = (0 0.5 0.5 0.3 0.3) > (10.5 0.5 0.3 0.3) = X1 
X1* P(E)= (1.65 2 2.14 1.6 1.25)> (11111) =X2 
X2* P(E) = (2.2 2.4 24 1.8 1.8)>(1 1111) =X3 


Case (ii) Plithogenic Fuzzy FCM with ON/OFF state of vectors 
Let us consider the concept P1 to be in ON position and other factors in off position. The contradiction 

degrees of the dominant node with respect to other nodes are 

Pl P2 P3 P4 P5 

0 1/5 2/5 3/5 4/5 





























Let us consider the instantaneous state vector as X = (1000 0) 


X *p P(E)= Y, where Y=(abcde) 


a=Max([1 4 40,0% ,03,0 ~ :0.7,0 , 705,04 907] 
b= Mal x 305 0 43050 «407,04 405.0% 2071 
c=Max[la p0.5,0 A 70.7,0 a 70,04 70.3,0A 70.9] 
d=Max[1 a »0.3,0 ~ 205,04 05,0 50,0 4 ,05] 
e=Max[1a p0.3,0 A :03,0A 70.7,0 A 705,04 20] 


X*p P(E) = (0 0.6 0.7 0.72 0.94) > (1 0.6 0.7 0.72 0.94) = XI 
X1 *p P(E) = (0.602 0.6732 0.8588 0.73 0.86) > (1 0.67 0.86 0.73 0.86) = X2 
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X2 *p P(E) = (0.602 0.6732 0.8588 0.73 0.8868) > (1 0.67 0.86 0.73 0.89) = X3 
X3 *p P(E) = (0.623 0.6918 0.8762 0.745 0.8868) > (1 0.69 0.88 0.75 0.89) = X4 
X4 *p P(E) = (0.623 0.6918 0.8762 0.745 0.8944) > (1 0.69 0.88 0.75 0.89) = X5 


Case (iii) Plithogenic Fuzzy FCM with ON/OFF and confined indeterminate Ic state of vectors 
Let us consider the concept P1 to be in ON position, P2 be in indeterminate state and other factors in off 
position. The indeterminate state of the vector here reflects the impact on the concept P2.The contradiction degrees 
of the dominant node with respect to other nodes are considered as the same. 
Let us consider the instantaneous state vector as X = (1 Ic 0 0 0), C = 0.25, the value of indeterminacy is 0.25. i.e X 
=(1 0.25000) 
X *p P(E) = (0.075 0.6 0.7 0.72 0.86) > (1 0.25 0.7 0.72 0.86) = X1 
X1*p P(E) = (0.602 0.6732 0.8588 0.73 0.86) (1 0.25 0.86 0.73 0.86) = X2 
X2*p P(E) = (0.602 0.673 0.859 0.73 0.887) > (1 0.25 0.86 0.73 0.89) = X3 
X3*p P(E) = (0.623 0.6918 0.8762 0.745 0.8868) > (1 0.25 0.88 0.75 0.89) = X4 
X4 *p P(E) = (0.623 0.6918 0.8762 0.745 0.8944) > (1 0.25 0.88 0.75 0.89) = X5 


X4 = X5 ----------------------- (3) 

Let X =(1 Ic 000), C=0.5, the value of indeterminacy is 0.5. i.e X = (1 0.5 00 0) 
The fixed point is (1 0.25 0.88 0.75 0.89) ------------ (4) 

Let X = (1 Ic 0 00), C = 0.75, the value of indeterminacy is 0.5. i.e X =(1 0.5000) 
The fixed point is (1 0.75 0.88 0.75 0.89) ------------ (5) 

Let X= (1 Ic 000), C = 0.95, the value of indeterminacy is 0.5. i.e X =(1 0.5000) 
The fixed point is (1 0.75 0.86 0.78 0.86) ------------ (6) 


Eq. (1) states that the concept P1 has influence on the other concepts, but Eq. (2) states the extent of influence of the 
concept Pl on other concepts which is the added advantage of using contradiction degree. The confined 
indeterminate state for various values of c results in different fixed points. The confinement of indeterminacy to the 
values C= 0.25, 0.5,0.75 have same impact on other factors and also it produce the same effect as P2 concept in OFF 
state, but as the value of indeterminacy is enhanced , slight variation in the impact are found in Eq. (6). This shows 
that the OFF state and the indeterminate state of concept P2, when the concept P| being in ON position produce no 
much difference. 
Case (iv). Plithogenic Neutrosophic FCM with new neutrosophic state. 

The new neutrosophic instantaneous state vector is of the form ((Tp1, Ipi, Fri), 0, 0, 0, 0), where the truth 
(Tp1), indeterminacy (Ip:) and falsity (Fp:) of the concept P1 to be in ON position is expressed. This representation of 
the ON position of the vector is highly a pragmatic representation. If Ip; and Fp; are zero then the concept P1 is 
highly certain to be in ON position. The indeterminate and off state of the concept P1 can be expressed by keeping 


the values of Ip; and Fp; to | and keeping the other respective set of value to be zero. 
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The new neutrosophic state vector (Xn) when the On state of the concept P1 is considered.((1,0,0) (0,1,1) 


(0,1,1) (0,1,1) (0,1,1)).The plithogenic neutrosophic matrix Px(E) is 


Pl 
P2 
P3 
P4 
PS 


PI 
(0,1,1) 

(0.3,0.4,0.7) 
(0.7,0.2,0.2) 
(0.6,0.3,0.4) 
(0.7,0.2,0.2) 


P2 
(0.6,0.3,0.4) 
(0,1,1) 

(0.7,0.2,0.2) 
(0.6,0.3,0.4) 
(0.7,0.2,0.2) 


P3 
(0.6,0.3,0.4) 
(0.7,0.2,0.2) 
(0,1,1) 

(0.3,0.4,0.7) 
(0.9,0.1,0.1) 


P4 
(0.3,0.4,0.7) 
(0.6,0.3,0.4) 
(0.6,0.3,0.4) 
(0,1,1) 

(0.6,0.3,0.4) 


PS 
(0.3,0.4,0.7) 
(0.3,0.4,0.7) 
(0.7,0.2,0.2) 
(0.6,0.3,0.4) 
(0,1,1) 


The plithogenic representation of the causal relationship between the concepts is presented in Fig.4.2. The positive 


sign indicates the positive impacts of the concepts, and it is represented as neutrosophic values in P(E). 





The plithogenic operators are used to obtain the resultant vector. 


Let Xn = ((1,0,0), (0,1,1), (0,1,1), (0,1,1), (0,1,1)) 
Xn*p Pn (E) = ((0, 0 ,0) (0.68,0.19,0),(0.76,0.18,0) (0.72,0.26,0) (0.86,0.23,0)) 


DOI:10.5281/zenodo.3950063 








Fig.4.2 Representation of Plithogenic association between the concepts 


> ((1, 0 ,0) (0.68,0.19,0),(0.76,0.18,0) (0.72,0.26,0) (0.86,0.23,0)) = Xi 
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Xni*p Pn (E) = ((0.602, 0.118,0) (0.68,0.1288,0.1088) (0.76,0.1396,0.1632) (0.84,0.1504,0.1632) (0.92 0.16 
0.1088)) > (C1, 0 ,0) (0.68,0.1288,0. 1088) (0.76,0.1396,0.1632) (0.84,0.1504,0.1632) (0.92 0.16 0.1088)) = Xnz 
Xn2*p Pn (E) = ((0.644 0.15952 0) (0.7104 0.162592 0.1088) (0.7768, 0.165664 0.1632) (0.8432 0.168736 0.1632) 
(0.92 0.171808 0.1088)) >((1, 0 ,0) (0.7104 0.162592 0.1088) (0.7768, 0.165664 0.1632) (0.8432 0.168736 
0.1632) (0.92 0.171808 0.1088)) = Xnz3 
Xn3*p Pn (E) = ((0.644 0.1607008 0) (0.7104 0.16448128 0.113664) (0.7768 0.16826176 0.113664 ) (0.7768 
0.16826176 0.170496) (0.8432 0.17204224 0.170496) (0.92 0.17582272 0.113664)) > (C1, 0,0) (0.710 0.164 
0.114) (0.777 0.168 0.114) (0.777 0.168 0.170) (0.843 0.172 0.170) (0.92 0.176 0.114)) = Xnq 
By repeating in the same fashion, 
Xns = ((1, 0 ,0) (0.71, 0.167,0.114) (0.777, 0.171, 0.17) (0.843, 0.174, 0.17) (0.91 ,0.178, 0.114) 
Xno = ((1, 0 ,0) (0.71, 0.167,0.114) (0.777, 0.171 ,0.17) (0.843, 0.174, 0.17) (0.91, 0.178 ,0.114) 
Xns = XN6 
Thus the neutrosophic impact of the concept P1 on other factors is determined. The various kinds of plithogenic 
cognitive maps are discussed in different cases and in each case, the impact of the concept P1 over the other 
concepts is determined. In section 4 various cases are discussed and the differences between cognitive maps (CM), 
fuzzy cognitive maps (FCM), intuitionistic cognitive maps(IFCM) , neutrosophic cognitive maps(NCM) and 
plithogenic cognitive maps (PCM) based on edge weights (ei) are presented in Table 4.2. 

Table 4.2. Differences beteween CM, FCM, IFCM,NCM and PCM 





Cognitive Maps ej € {-1,0,1} with no contradiction degree 


between the concepts 





Fuzzy cognitive maps e; € [-1,1] with no contradiction degree between 


the concepts 





Intuitionistic cognitive maps ej = (u, v)where pL, the membership value and v , 
the non-membership value with no contradiction 
degree between the concepts 

Neutrosophic Cognitive Maps ej € {-1,0,1, I} with no contradiction degree 


between the concepts 





Plithogenic Cognitive Maps ei € {-1,0,1} or ey € [-1,1] orey€ p([0,1]*) or ey € 


p([0,1]*) with contradiction degree between the 











concepts 





5. Conclusion 


This research work proposes the concept of plithogenic cognitive maps and new neutrosophic maps. The 
integration of contradiction degree with the plithogenic operators is applied to determine the resultant vector. 
Several kinds of plithogenic cognitive maps are discussed in this article and it is validated with applications in 


decision making. The proposed plithogenic cognitive maps can be applied in decision making scenario. The state of 
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indeterminacy of the concept is quantified by various confinement values which will certainly assist in making 
optimal decisions. Plithogenic cognitive maps can be also developed to various representations based on the 
characterisation of the decision making environment. PCM decision making models can be extended to interval- 
valued plithogenic cognitive maps and also it can be integrated to multi criteria decision making. The association 
between the concepts of decision making can be represented in terms of plithogenic hypersoft set. Plithogenic 
hypergraph can also be integrated with plithogenic cognitive maps to formulate novel and feasible decision making 


models. 
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Abstract 


The concept of refined neutrosophic vector spaces was introduced by Ibrahim et al. in and the present 
paper is the continuation of the work. In the present paper, further studies on neutrosophic vector spaces are 
presented. Specifically, linear dependence, independence, bases and dimensions of refined neutrosophic vector 
spaces are studied with several results and examples presented. Also, refined neutrosophic homomorphisms of 
refined neutrosophic vector spaces are studied and existence of linear maps between weak refined neutrosophic 
vector spaces and weak neutrosophic vector spaces are established. 


Keywords: Neutrosophy, neutrosophic vector space, refined neutrosophic vector space, refined neutrosophic 
vector space homomorphism. 


1 Introduction and Preliminaries 


Neutrosophy is a new branch of philosophy introduced by Florentin Smarandache in 1995. Neutrosophic 
logic/set introduced by Smarandache in is an extension of fuzzy logic/set introduced by Zadeh and 
intuitionistic fuzzy logic/set introduced by Atanassov 3h. In neutrosophic logic/set, each proposition is char- 
acterized by the degree of truth in the set (T’), degree if indeterminacy in the set (J) and the degree of falsehood 
in the set (F’) where (T, I, F’) are not necessarily intervals, but may be any real sub-unitary subsets: discrete 
or continuous; single-element, finite, or (countable or uncountable) infinite; union or intersection of various 
subsets; etc. Neutrosophic logic/set has many applications in mathematics, computer science, engineering, 
technology, decision making, medical diagnosis, social sciences and many other fields. For full details, the 
reader should see (9923127) jist8h (30) (33h, (35) _ (32). 

Smarandache recently introduced the concept of refined neutrosophic logic/set in where it was shown 
that the neutrosophic components (T, J, F’) can be split into refined neutrosophic components of the form 
< 1, Tb,-+: ,Tp3 hi, le,:,fp;Fi, f2,:-+ , Fs > with applications in physics and other sciences and mathe- 
matics. In (2°), Smarandache presented (T, J, F’) structures and this motivated Agboola to introduce the con- 
cept of refined neutrosophic algebraic structures in’! where he studied refined neutrosophic groups. Since the 
introduction of refined neutrosophic algebraic structures, many researchers have further studied the concepts 
and several results have been published as can be found in fname 

The concept of a neutrosophic vector space V (I) generated by a vector space V and indeterminacy factor 
I was introduced by Vasantha Kandasamy and Florentin Smarandache in 2a). Since then, several researchers 
have studied the concept and a great deal of literature have been published. Recently, Agboola and Akinleye 
in studied classical vector spaces in a neutrosophic environment and they showed that every neutrosophic 
vector space over a neutrosophic field (resp. field) is a vector space. In 4, Vasantha Kandasamy, et al. 
introduced for the first time the concept of neutrosophic quadruple vector spaces over the classical fields R, C 
and Z,, and they presented several interesting results. Further studies on neutrosophic quadruple vector spaces 
were carried out in by Ibrahim et al. where several results and examples were presented. The notion 
of refined neutrosophic vector spaces and their properties was introduces by Ibrahim et al. in (20h, They 
studied Weak(strong) refined neutrosophic vector spaces and subspaces, and also, they studied strong refined 
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neutrosophic quotient vector spaces. Several interesting results and examples were presented. It was shown 
that every weak (strong) refined neutrosophic vector space is a vector space and it was equally shown that every 
strong refined neutrosophic vector space is a weak refined neutrosophic vector space. In the present paper 
however, further studies on refined neutrosophic vector spaces are presented. Specifically, linear dependence, 
independence, bases and dimensions of refined neutrosophic vector spaces are studied and several results 
and examples are presented. Refined neutrosophic homomorphisms of refined vector spaces are studied and 
existence of linear maps between weak refined neutrosophic vector spaces V (1, Iz) and weak neutrosophic 
vector spaces V (I) are established. 

For the purposes of this paper, it will be assumed that I splits into two indeterminacies J, [contradiction 
(true (J) and false (F’))] and J [ignorance (true (T) or false (F’))]. It then follows logically that: 


hh = 2 = h, 
IgIo = ie = To, and 
Klp = bh = . 


Definition 1.1. SlIf * : X (11, Iz) x X(h1, In) 4 X (Ih, 12) is a binary operation defined on X (J;, Iz), then 
the couple (X (1, Iz), *) is called a refined neutrosophic algebraic structure and it is named according to the 
laws (axioms) satisfied by *. 


Definition 1.2. 8 Let (X (I, Iz), +, .) be any refined neutrosophic algebraic structure where + and . are ordi- 
nary addition and multiplication respectively. 
For any two elements (a, bly, cl2), (d,eh, fl2) € X(N, Iz), we define 


(a, bly, cl2) + (d, el, fl2) = (a + d, (b + e)h, (c+ f)L2), 
(a, bly, cI2).(d, el, fIz) = (ad, (ae + bd + be + bf + ce)h, (af +cd+cf)I2). 


Definition 1.3. SIf”+” and.” are ordinary addition and multiplication, Jj, with k = 1,2 have the following 
properties: 


1. Ip +Ip +++ +Ip = nlp. 

2. Ip + (—Ip) = 0. 

3. Ip + Ip +++ Lp = Tf? = Ig for all positive integers n > 1. 
4. 0-Lp =0. 

5. I, | is undefined and therefore does not exist. 


Definition 1.4. Let (G,*) be any group. The couple (G(Jj, Jz), *) is called a refined neutrosophic group 
generated by G, Ij and Ip. (G(h, Iz), *) is said to be commutative if for all x,y € G(K, 12), we have 
x*xy = y* x. Otherwise, we call (G(11, Iz), *) anon -commutative refined neutrosophic group. 


Definition 1.5. "If (X(I,, Iz), *) and (Y(J;, Iz), *”) are two refined neutrosophic algebraic structures, the 
mapping 
co) : (X(h, Ip), *) —? (Y(h, In), *') 


is called a neutrosophic homomorphism if the following conditions hold: 


1. o((a, bhi, clg) * (d, el, flz)) = d((a, bly, cl2)) x! o((d, el), fle)). 
2. o(I,) = I, forall (a,b), cl), (d, el, fIz) € X(Iy, Iz) and k = 1,2. 


Example 1.6. BlLet 

Zo(Iy, Iz) = {(0,0, 0), (1,0, 0), (0, 11,0), (0,0, Zz), (0,41, I2), (1,1, 0), (1,0, 2), (1, Li, J2)}. 

Then (Zo (11, Iz), +) is a commutative refined neutrosophic group of integers modulo 2. 

Generally for a positive integer n > 2, (Z,(11, Iz), +) is a finite commutative refined neutrosophic group of 
integers modulo n. 


Example 1.7. 8lLet (G(J1, Iz), *) and and (H(I, Iz), *’) be two refined neutrosophic groups. 

Let ¢: G(h, In) x H(i, I2) > G(h, Iz) be a mapping defined by $(x, y) = x and let 

wy: Gh, In) x H(h,I2) — H(h, Iz) be a mapping defined by (x,y) = y. Then ¢ and w are refined 
neutrosophic group homomorphisms. 
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Definition 1.8. Let (R,+,.) be any ring. The abstract system (R(I,, I2),+,.) is called a refined neutro- 
sophic ring generated by R,I1, Io. (R(hh, I2),+,.) is called a commutative refined neutrosophic ring if 
for all x,y € R(1, Iz), we have xy = yz. If there exists an element e = (1,0,0) € R(, Iz) such that 
ex = xe = x forall x € R(K, Ig), then we say that (R(1;, Iz), +, .) is a refined neutrosophic ring with unity. 


Definition 1.9. {Let (R(1,, Iz), +, .) be a refined neutrosophic ring and let n € Z*. 


(i) If na = 0 for all « € R(K, Iz), we call (R(1,, Iz), +, .) a refined neutrosophic ring of characteristic n 
and n is called the characteristic of (R(1,, I2),+,.). 


(ii) (R(Q, Ig), +, .) is call a refined neutrosophic ring of characteristic zero if for all x € R(1,, Iz), nx =0 
is possible only ifn = 0. 


Example 1.10. 


(i) Z(h, 2), Q(h, Iz), R(h, Lz), C(h, Iz) are commutative refined neutrosophic rings with unity of char- 
acteristics zero. 


(ii) Let Z2(11, I2) = {(0, 0,0), (1, 0,0), (0, 41,0), (0, 0, La), (0, 4, 2), 1, 4,0), (1, 0, La), (1, Li, L2)}. 
Then (Z2(J,, I2),+,.) is a commutative refined neutrosophic ring of integers modulo 2 of charac- 
teristic 2. Generally for a positive integer n > 2, (Zpn(11, I2),+,.) is a finite commutative refined 
neutrosophic ring of integers modulo n of characteristic n. 


G11 G12 «***) ~GAin 
a2, G22 *** Gan 

Example 1.11. Let Min(h,b)= 4]... : aiy € R(, 12) 
Qn1 An2 tt Ann 


be a refined neutrosophic set of all n x n matrix. Then (ME 


nxn(41; 12), +,-) is a non-commutative refined 
neutrosophic ring under matrix multiplication. 


Theorem 1.12. “Ler (Ry, Iz), +, .) be any refined neutrosophic ring. Then (R(Iy, Iz), +, .) is a ring. 


2 Linear dependence, independence, bases and dimensions of a refined 
neutrosophic vector space 


Definition 2.1. Let (V, +, .) be any vector space over a field K. Let V(q, 2) =< VU (Nh, Iz) > bea refined 
neutrosophic set generated by V, I; and Iz. We call the triple (V(K, I2), +, .) a weak refined neutrosophic 
vector space over a field K, if V (11, Iz) is a refined neutrosophic vector space over a refined neutrosophic field 
K (hh, Iz), then V (1, Iz) is called a strong refined neutrosophic vector space. 


The elements of V (J; 2) are called refined neutrosophic vectors and the elements of A (J;, Iz) are called 
refined neutrosophic scalars. 


Ifu =a+bh +cle,v =d+elh 4+ flo © V(h, Iz) where a, b, c, d, e and f are vectors in V and 
a=k+ml,+nlg € K(N, Iz) where k,m and n are scalars in K, we define: 


utv=(a+bh+cle)+ (dt+eh + fl2) =(at+d)+(b+e)h + (e+ f)h, 
and 
au = (k+mh + nlg).(a+ bh + clo) =k.at+ (k.b+ma+mb+mct+n.b)h + (k.c+n.a4+n.c)le. 


Definition 2.2. Let V(1;, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K(h, Ip) and let v1, v2,-;Un € V(h, Ip). 


1. An element v € V (Jy, Iz) is said to be a linear combination of the v}s if 


UV = QV, + AQUg +:+++QnUn,where a; € K(K, 12). 
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2. vis are said to be linearly independent if 


QV, + Agvg +--+ + AnUn = 0 





implies thata,; =azg =-:-=ay, = 0. 
In this case, the set {v1, v2,--- , Un} is called a linearly independent set. 





3. vis are said to be linearly dependent if 
QV, + A2QV2g + +++ + Ann = 0 


implies that not all a; are equal to zero. 
In this case, the set {v1, v2,--- , Un} is called a linearly dependent set. 


Definition 2.3. Let V (1, [2) be a weak refined neutrosophic vector space over a field and let 
U1, U2,°°* 5 Un € V(h, Ip). 


1. An element v € V (11, Iz) is said to be a linear combination of the vj if 


v= kv, + kove +---+ knun, where kk; © K. 


2. vis are said to be linearly independent if 


kyvy + kovg +--+ + kyvn = 0 





implies that ky = kp =--- =k, =0. 
In this case, the set {v1, v2,--+ , Un}. is called a linearly independent set. 





3. vis are said to be linearly dependent if 
kyu + kavg ee KnUn = 0. 


implies that not all &; are equal to zero. 
In this case, the set {v1, v2,--- , Un} is called a linearly dependent set. 


Example 2.4. Let V(J1, J2) = R(h, Iz) be a weak refined neutrosophic vector space over a field K = R. 
An element v = 8+ 19/, + 182g € V(Q, Jz) is a linear combination of the elements vy; = 2 + 51, + 4Io, 
vg =142h4+ 3k € V(h, Jy), since 8 + 19F, + 18lg = 3(2 + 5, + 4Ig) + 2(1 4+ 2K) + 32). 


Example 2.5. Let V(J1, [2) = R(, 2) be a weak refined neutrosophic vector space over a field K = R. 
An element v = 34+ 152, + 7Iy € V(dh, Ig) is a linear combination of the elements v, = 2 + 5k, + 3lo, 
V2 = 1+ Ty + Ty € V(h, I), since 3 + 15, + Tp = 4(2 + 51, + 312) = 5(1 + Ty + Ip). 


Example 2.6. Let V(1;, Jz) = R(1, Iz) be a strong refined neutrosophic vector space over a refined neutro- 
sophic field K (1), Iz) = R(h, Iz). An element v = 8 + 191, + 18lg € V(Q;, Jy) is a linear combination of 
the elements v, = 14 24) + 3lo, vo = 2+5h +4Io € V(h, Is), since 




















8419 4+18lg = (2+5f, +6)(1+2h + 3h) + (3—2h —4h)(24+5h, + 4h) 
= (0485 -3b)042h $365) 46] 4. = 2b)O+5h 445) 
= (4411 —2h)(1+2h +3h)+(2-6h + b)(2+5h +4h) 
= (448 + I9)(1+2h +3) + (2—4h — Ig)(2+5h +412). 








Here (24-51 POR) AI 2h 41) 2 8h 238) =a Ob 4 11 2B), 
(2 — 6h, +I), (4+ 8h, + 12), (2 —4], - Ip) € K(h, 12). 





This example shows that the element v = 8+19/;+18J2 can be infinitely expressed as a linear combination 
of the elements vy = 1+ 22, + 3lo, vo = 2+5h, + 4g € V(K, Iz). This observation is recorded in the next 
proposition. 


Proposition 2.7. Let V (1), Iz) be a strong refined neutrosophic vector space over aneutrosophic field K (I1, Iz) 
and let v1, v2,°++ ,Un € V(h, In). An element v € V (11, Iz) can be infinitely expressed as a linear combina- 
tion of the u48. 
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Proof: Suppose that v = ayv1 + agv2g +--+ + QnUn Where v = a+b +cl,v) =a, +0 + ah, 
Vq = ag4¢bol, +clo,-++ 5 Un = An tbnly+cl, anda, = ky +m 1h +tle, ag = kg +meh +tlo,--+ an = 
ki, + Mnly + tly E K(h, Iz). 
Then 
at bl, Eu cl = (ky + my + tyIo) (a1 + bi, + C112) + (ke + mol, + toI2) (a2 + bol, + C212) toot tb 
(kn + Mn + tnI2)(an + bnli + CnI2) 
from which we obtain 
ayky aa agk, Se Ankn =a, 
by ky Tr aymy, + bym4 +¢eym, + byt, + bok + agmMm2 + bam + c2M2 + bate Ss a a bnkn + AnMn + baMn + 
CnMn + Ontn = 6, 
cy ky rs ay,ty + city + cok t agate t Cate fees Cnkn + Antn + Crbr, =Cc. 




















This is a linear system in unknowns kj,m,;,t; i= 1,2,---,n. 
Since the system is consistent and have infinitely many solutions, it follows that the v;s can be infinitely 
combined to produce v. 
But if V(1), I2) and K (dh, Iz) are finite the v;s will be finitely combined to produce v. 


Proposition 2.8. Let V (11, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K(X, Iz) and let U|I), Ig] and W (Ij, Iz] be subsets of V{Iy, Iz] such that U|I,, In] C With, Le]. FUL, Lo] 
is linearly dependent, then W|I, Ig] is linearly dependent. 


Proposition 2.9. Let V (1,, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K (11, Iz) and let U[I,, Iz] and W[Ih, Ip] be subsets of V[I,, Ig] such that U[I,, In] C Why, Ie]. PFW iL, Io] 
is linearly independent, then U[I,, Is] is linearly independent. 


Proof : Let W[fh, Lo] = {vr = (a, tb, +c112), v2 = (ag +boh+ce2I2), cet Un = (Qn tbnlht+cnt2)}, 
be a linearly independent set. Let, if possible, 
U[K, 12] = {vy = (ay + bit, + C112), v2 = (a2 + bol, + C212), fee UZ = (az + b,1, + Cz1n)}, 2 <n, bea 
linearly dependent subset of {v1 = (a1 +61, +112), vg = (ao +beli+cel2),-++ 5 Un = (Qn tbnhi +cento)}. 
Then there exist some scalars (ky + m1, + tiI2), (ko + moly + tela),-+- (ke + meh + tI) € K(h, 1), 
not all zero, such that 
(ki +mily + trlg)(ar + bi + evl2) + (ko + meth + tele) (a2 + bali + cg) +--+ + 
(kz for m1, + tI) (az + b., Tr CzIp) => 0. 
=> (ky + my, + tyIo)(a1 + bt, + C112) + (ke + mol, + tal) (a2 + bol, + C212) feeet 
(kz +m, + tzI2)(az + bey + e212) + (Oz41 + Oz4ith + 024102) (Qz41 + be4ih + ez41l2) + 
(Oz42 + Oz4olr + 024212) (Az42 + bzy2h + Cz42I2) +--+ (On + Onli + Ont2) (an + bri + ent2) = 0. 
The scalars (ki, my, ty 12), (ka, mol, tole), BREE (kz, mth, tI), (Oz41 + Or4ih + 024112), 

(Or19 + Or40l) + Or4219),-++ 5 (On + Onl, + 0,22) are not all zero. 

Thus, the vectors v; = (a, +011, +c, Ig), ve = (G2 + bol, +212), +++ 5 Un = (Gn + On Ty + C12) are linearly 
dependent. This contradiction the assumption that the vectors 

vy = (a4 +61, + crI2), ve = (a2 + bah + Cole), +++ 5 Un = (Gn + Ont + Cn Iz) are linearly independent. 
Hence, the set {v1 = (a1 +6, + e112), v2 = (ag + bol; + c2Io), TU = (Gn +b,1;, +c,Iz)} isa linearly 
independent set. 


















































Proposition 2.10. Let V (11, Iz) be a weak refined neutrosophic vector space over a field K. The set 
W (fh, Io) = {v1, v2,°++ Un} C V(h, Ie) is linearly dependent, if and only if at least one vector v; is a linear 
combination of the other vectors . 


Proof : The proof is similar to the proof in classical case. 


Proposition 2.11. Let V(1,, 12) be a strong refined neutrosophic vector space over a neutrosophic field 
K(i, Iz) and let VU = ky + kyl, + ky Ig, v2 = ko + kol, + koTo,- 68 Un = Kn + knJy + kyTo be ele- 
ments of V (I1, Iz) where 0 4 ky € K. Then {v1, v2,-++ ,Un} is a linearly dependent set. 


Proof : 
Let Qa, = pi + nah + ryt, Q2 = p2 + gol, + rgTo, “5 5An = Dn + dnt + Trt be elements of K (11, Iz). 
Then a1v1 + a2v2 + +++ + QnUn = 0 which implies that 
(pi taidi +ril2)(ki +hity + kel2) + (po + aol + rele) (ko + kali + kolo) ++ +++ (pn +r t+rnt2) (kn + 
kindy + knIn) = 0 
from which we obtain 
kypy + kopg + +++ + ky pn = 0. 
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This is a homogeneous linear system in unknowns p;,7 = 1,2,--- ,n. 
This system has infinitely many nontrivial solutions. Hence a;s are not all zero and therefore, {v1, v2,--- , Un} 
is a linearly dependent set. 


Note 1. [fin Proposition we consider a single vector v € V(I1, Iz), the statement still hold. 
For instance, let0 4. v = a+ bl, — alg € V(K, Ip) and0 4 8B = pl, — plg € K (Kh, Iz), we have 





B-v=(atbh — alg): (ph — pla) = aph, + bph, — bph, — apl, — aplg + apln = 0. 


Definition 2.12. Let V (11, Iz) be weak(strong) refined neutrosophic vector space. If {v1, v2,--- , Un} is any 
set of refined neutrosophic vectors in V (11, Iz), the set of all linear combinations of these refined neutrosophic 
vectors is called their span, and is denoted by 


span{v1, V2,"°° Un}. 
If it happens that V(1,, Iz) = span{v,,v2--- , Un}, then these vectors are called a spanning set for V (1, I2). 


Proposition 2.13. Let U(I,, Iz) = span{v,,v2,-+- ,Un} be in a strong refined neutrosophic vector space 
V (hi, I2) over a refined neutrosophic field K (11, Iz) then 


1. U(h, 12) is a strong refined neutrosophic subspace of V (11, Iz) containing v1, v2,°++ ,Un- 


2. U(11, Iz) is the smallest subspace containing v1,v2,--+ ,Un in the sense that any strong refined neu- 
trosophic subspace of V (I, Iz) that contains each of these refined neutrosophic vectors, must contain 


U(hh, Ia). 
Proof. 1. (a) U(h, Iz) 4 9, since we can find 0 = 0+ 0F, + Olg € K(N,, Ig) such that 
0 = Ov; +--- +0v,, belongs to U(K, 12). 
(b) Let v, u € U(Nh, Ig) where u = 8101 + s9¥9 +--+ + Syn and uv = tv) + tave +++: + tnUn 
and a = p+ pil) + pola € K(h, Iz) then 
utv = (sy +ty)u1 + (So + te)vg + +++ + (Sn +tn)Un, 


au = (as1)v1 + (asg)vg +++ + (ASn)Un. 


So both u + v and au lie in U(1, Ig). 
Finally, since U C U(I), where U is a vector space we conclude that U(I;, Iz) is a refined 
neutrosophic subspace. 


2. Let W(d1, Iz) be a refined neutrosophic subspace of V (11, Jz) that contains each of v1, v2,--+ ,Un- 
Since W (J1, Iz) is closed under scalar multiplication, each of a1v1, @2V2,°+* ,AnUn lies in W(h, In) 
for any choice of 


a,=ptaht+rnie, a =pet+qeh +rele, +++ ,Qn=Pnt+Qrh +inlo € K(h, 12). 


But then av, + agvg +--+ + QnUp lies in W (11, Ig) since W (11, Iz) is closed under addition. 
This means that W(J,, I) contains every member of U(J1, Iz), which proves (2). 














Example 2.14. Let P,,(J1, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K (hh, Iz). Then P,,(Iy, Iz) = span{1, x, 2?,--- ,a”}. 


We need only show that each neutrosophic polynomial p(x) in P,(1y, 12) is a linear combination of 
1,z,--- ,x”. But this is clear because p(x) has the form p(x) = ag + a1x + agx? + +++ + Gnx?. 
With a9; 41,°°' dn E K(h, Ip). 


Example 2.15. Let R°(J;, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K(h, Ip). Then R3(h, Iz) = span{(1 + ii + Ip), (1 + Ty + O12), (0 + qi + In)}. 


Write Uu= (1 + Ii + Iz), v2 = (1 + I, + O12), v3 = (0 + qi + Iz), and U(Kh, I2) = span{v1, V2, V3}. 
Obviously U (11, Iz) is contained in R°(1;, 2). 
We have R3(h, Ip) = span{(1 + OL + O12), (0 + I + O12), (0 + Ol + In)}. 
So to prove that R°(;, Jz) is contained in U(1;, Iz), it is enough by Proposition to show that each of 
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(14+ 0% + Of2),(0 + Ly + OLg), (0 + OL; + In) lies in span{v1, v2, v3}. But they can be given explicitly as 
linear combinations of v1, v2, and v3: 


(1404 4+0f)=14+h4+h)-(0+h4+ hk) = v1 - 103, 


(0+044+)=(14+h4+l)-1+h +0kg) = v1 - ve 


and then, using the first of these, we have 
(0+ 1, + Of2) = +h + Of) — (1+ 0%, + 012) = V2 — (vy — V3) = Vq — Vg + V3. 


Proposition 2.16. Let x = a+ bl, + cla and y = d+ el; + fly be two refined neutrosophic vectors in a 
strong refined neutrosophic vector space V (I,, Iz) over refined neutrosophic field K(I,, Iz). 

Then span {x,y} = span{x+y, x —y}, ie, 

span{a + bly + clg,d+ eh + flo} = span{a+d+(b+e)h + (c+ f)l,a—d-+ (b-—e)h + (ce- f)L}. 


Proof. We have 

span{a+d+(b+e)h+(c+f)lo,a—d+(b—e)h +(c—f)Io} C span{a+bh +clo,d+el + fIz} because 
botha+d+(b+e)h +(c+ f)lg and a—d+(b—e)l, + (c— f)le lie in span{a+ bly +clg,d+eh + flo}. 
On the other hand, 














6258 Ati sa carbene ee her sa Pee ee ee cee ay Al 


d+el,+ flg= slatd+ (b+e)h + (c+ Nb — 5la—d+ (0-e)h + (e— Nb, 


so 
span{a + bly + clg,d+ el, + fig} C span{a+d+ (b+e)h + (c+ f)h,a—d+(b-—e)h + (c— f)ly} 
by Proposition . Hence the prove. 














Proposition 2.17. Let U(11, Iz) and W (1h, Iz) be strong refined neutrosophic subspaces of as strong refined 
neutrosophic vector space V (I;, Iz) over a refined neutrosophic field K (I, Iz). Then 


1. U(Nh, [2) Cc W (th, Lo) = span(U (I, I2)) cS span(W (Iq, I2)). 
2. span(span(U (11, I2))) = span(U (Ih, I2)). 
3. span(U (1h, Ig) UW (hh, I2)) = span(U (hh, I2)) + span(W (hh, I2)). 











Proof. The proof of 1, 2 and 3 are the same as in classical case. 





Definition 2.18. Let V(1,, I2) be a strong refined neutrosophic vector space over a refined neutrosophic 
field K (Jy, 12). A linearly independent subset B[, 2] = {v1,v2,--- ,Un} of V(N, Iz) is called a basis 
for V(14, Ia) if BI, Ig] spans V(1y, Ia). 














Proposition 2.19. Let V(1,, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic 
field K (11, Iz). The bases of V (I), Iz) are the same as the bases of V over a field K. 


Proof: 
Suppose that B = {v1,v2,--- , Un} is an arbitrary basis for V over the field kK. Let v = a+b/, +cl2 be an arbi- 
trary element of V (1), 2) and let ay = ky +m ttre, ag = koa t+mehttelo +++ Qn = kn tml +trlo 
be elements of K (1), Iz). Then from a1 v1 + agvg +++: + Ann = 0, 








we obtain 
kyu, + kovg +--+ + ky vn = 0, 
M1V1 + MoV2q + +++ + MyVn = 0, 
tyv, + favo + +++ + tpn = 0. 
Since v;s are linearly independent, we have k;j = 0,m,; = Oandt, = 0  wherei,j,z = 1,2,--- ,n. 
Hence, a; = 0,i = 1,2,--- ,n. This shows that B is also a linearly independent set in V (1, I2). 











To show that B spans V (Jy, Iz), letv =a+ 6h, + clo = a1v1 + aque + +++ + AnUn. 
Then we have 





a = kyu, + kgvg + +++ + kp Un, 
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b= mM V1 + Mgvg +++++MnVn, 
c= tv, + tovg +--+ +tnin = 0. 


Since a,b,c € V, it follows that v = a + bJ, + clg can be written uniquely as a linear combination of v;s. 
Hence, B is a basis for V (11, Iz). Since B is arbitrary, the required result follows; 














Proposition 2.20. Let V(1,, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic 
field K (11, Iz) which is spanned by a finite set of neutrosophic vectors v1, v2,*+* ,; Um. Then any independent 
set of refined neutrosophic vectors in V (I), Iz) is finite and contains no more than m elements. 


Proof: Letv =a+6h, +clg,u=d+el, + flo. 
To prove this it suffices to show that every refined neutrosophic subset S(1, Iz) of V(11, Iz) which contains 
more than m refined neutrosophic vectors is linearly dependent. 
Let S'(1,, Iz) be such a set. In S(J1, Iz) there are distinct refined neutrosophic vectors ui, u2,--- ,Un where 
n>m. 
Since v1, V2,--- ,Um span V (11, Ig), there exist scalars Ci; with C = r+ sly + tly € K (hh, Iz) such that 


m 
-y Cig Vi = x niga + (rigbi + $43Q4 + 855d; + Sig, + tbs) Ly t (rij Ci t t55 Qj t t;;¢;)I2) , 
i=1 





For any n scalars 71, %2,-++ , Up» witha = p+ ql + 2Ip € K(Ih, Iz) we have 
LyUy + wqugt---+2nUn = st 25; 
jah) + Gh + 2j12)uj 

= jai (Pj + ght + 2412) VE Civ 
Dojai (Bg + GGL + 2542) iE (rigs + (rigs + Sigs + Sigdi + sigcet 
ti bi) I + (rig Ci + C45 Qj + ti;¢;) 12) 

= De a y(P5 + ahi + 212) (Tijai + (1530; + S8jj3a; + 584505 + 835304 + tyjb;) y+ 
(TiC + 45; + ty; ¢;)I2) 

a a pia Deag tg Wigt ly +0 sigs + Di sighs > Dua + gh + rg Hareb 
G5 Sig Gi + Gy Sig di + Gy Sizes + Gjtigds + GIG: + Gtigas + Gtiyes + 2 Tigdi + 2 Sig ai + 27 8150; 
+25 8i53¢; + Zjtigbi Li + (pyrizcs + pytigas + pyitiges + zy Tigaa + Zig cs + Zi tigas + zjtizci)L2) 
ye Dini (Py + Ohi + 2412) (rig + Sigh + tijl2)(ai + bh + bla) 

= yar Via (a5 + agli + 2512) (rig + sig hi + tig]2))(ai + bla + bla) 
x 
= 









































j= et Cij25)Vi 
oo 1 Cig; )Vi- 


Since n > m, there exist scalars 71, %2,--- , Zp» not all 0 such that 
n 
sO =0 Ll<i<m. 
j=l 


Hence x1 u, + ®QU2 +--+ + 2pnUn = 0. This shows that S(J1, I) is a linearly dependent set. 


Definition 2.21. Let V (11, Iz) be a strong refined neutrosophic vector space over a neutrosophic field K (1, Iz). 
The number of elements in the basis for V(J1, Iz) is called the dimension of V(J1, Iz) and it is denoted by 
dims(V (11, I2)). If the number of elements in the basis for V(J1, 2) is finite, V(11, Iz) is called a finite 
dimensional strong refined neutrosophic vector space. Otherwise, V (J, Iz) is called an infinite dimensional 
strong refined neutrosophic vector space. 


Definition 2.22. Let V(J1, Iz) be a weak refined neutrosophic vector space over a field AK’. The number of 
elements in the basis for V (1, Iz) is called the dimension of V (Jy, Iz) and it is denoted by dim.,(V (hh, I2)). If 
the number of elements in the basis for V (11, Iz) is finite, V (11, Iz) is called a finite dimensional weak refined 
neutrosophic vector space. Otherwise, V (1, 2) is called an infinite dimensional weak refined neutrosophic 
vector space. 


Example 2.23. The strong refined neutrosophic vector space of Example is finite dimensional 
and dims(V (Ni, I2)) =n +1. 


Proposition 2.24. Let V (1, Iz) be a finite dimensional strong refined neutrosophic vector space over a refined 
neutrosophic field K (I, Iz). Then every basis of V (I, Iz) has the same number of elements. 


Proof. The proof is similar to the proof in classical case. 
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Proposition 2.25. Let V (11, Iz) be a finite dimensional weak (strong) refined neutrosophic vector space over 
a field K (resp. over a refined neutrosophic field K (1;, Iz)). If dims(V (hh, I2)) =n, then 
dimu(V(h, Iz)) = 27: 


This can be easily seen in the examples given below. 


Example 2.26. Let V(Ji, 12) = R"(h, Iz) be a strong refined neutrosophic vector space over a refined 
neutrosophic field R(I;, 12). 
The set B = {v, = (1,0,0,--- ,0), ve = (0,1,0,--- ,0),--- , Un = (0,0,0,--- ,1)} is a basis for V(1y, Ia). 














Example 2.27. Let V(11, Jz) = R”(i1, Iz) be a weak refined neutrosophic vector space over R. The set 
B= {v; = (1,0,0,--- ,0), v2 = (0,1,0,--- ,0),--- , ue = (0,0,0,--- ,1), 

Upe1 = (11 + Io, 0,0,--+ 50), vnpe = (0, Lf) + In, 0,--- ,0),-++ , Un = (0,0,0,--- ,t, + In)} is a basis for 
Vii Ts 


Note 2. The bases of the strong refined neutrosophic vector space of Example is contained in the bases 
of the weak refined neutrosophic vector space of Example|2.27| This observation is recorded in the next 
proposition. 


Proposition 2.28. Let V(I,, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic 
field K(I1, I). Then the bases of V(I1, 12) over K (11, Iz) are contained in the bases of the weak refined 
neutrosophic vector space V (I), Iz) over a field K. 


Proof. The proof follows from Examples and |2.27]. 


Proposition 2.29. Let W(I1, Iz) be a strong refined neutrosophic subspace of a finite dimensional strong 
refined neutrosophic vector space V (Iy, Iz) over a neutrosophic field K (I, Iz). Then W (Ih, Iz) is finite di- 
mensional and dims(W (Ih, Iz2)) < dims(V(h, I2)). If dims(W (Nh, I2)) = dims(V (hi, I2)), then 

W (hh, 2) = V(h, I). 














Proof. If W (1, Iz) = {}, dim,W(h, Iz) = 0. Soassume W (1, Iz) 4 {}, and choose uy A OinW (Nh, Iz). 
If W (1), Ig) = span{uz}, then dim,W (1, Ig) = 1. If Wh, Ia) A span{u,}, choose wg in W (11, Iz) outside 
span{u;}. Then {uz, uz}, is linearly independent. 

If W(11, Ig) = span {u1, ug}, then dim,W (Nh, Iz) = 2. If not, repeat the process to find us in W(11, I) 
such that {u1, 2, u3} is linearly independent. Continue in this way. The process must terminate because the 
refined neutrosophic space V (11, [2) (having dimension n) cannot contain more than n independent vectors. 
Hence W (J), Iz) has a basis of at most n refined neutrosophic vectors. 

Secondly, Let dim,W(h, Iz) = dim,V(, 12) = m. Then any basis {u1,--- , Um} of W(t, Ig) is an 
independent set of m refined neutrosophic vectors in V (11, Iz) and so is a basis of V (1, Iz). 

In particular, {w1,--+ , Um} spans V (11, Iz) so, because it also spans W (11, Iz), 

V (hh, I2) = span{uy,--- ,Um} = W(dh, Ia). LC] 


Proposition 2.30. Let U(1), Iz) and W (Qh, I2) be finite dimensional strong refined neutrosophic subspaces 
of a strong refined neutrosophic vector space V(I,, 12) over a refined neutrosophic field K (I), Iz). Then 
U(1,, Ig) + W(h, Lg) is a finite dimensional strong refined neutrosophic subspace of V (I,, [2) and 


dim,(U (Ih, Iz) + W(h, Iz)) = dim,(U(h, Iz)) + dim, (W (Ih, I2)) = dim,(U(h, Iz) N W (hh, I2)). 

Tf V (11, I2) = U(h, 12) eo) W (hh, I2) then 
dim,(U(h, Tp) + W(h, Iz)) _ dim,(U(h, Iz)) + dim,(W (hh, Ip)). 

Definition 2.31. Let V(11, I2) and W(N;, Iz) be strong refined neutrosophic vector spaces over a refined 
neutrosophic field K(1;, I2) and let @ : V(1, Ig) —+ W(h, Ig) be a mapping of V (11, Iz) into W(t, Iz). 
¢ is called a refined neutrosophic vector space homomorphism if the following conditions hold: 

1. @is a vector space homomorphism. 

2. o(I,) = I, for k = 1,2. 


If ¢ is a bijective refined neutrosophic vector space homomorphism, then ¢ is called a refined neutrosophic 
vector space isomorphism and we write V (11, I2) = W(N, I2). 
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Definition 2.32. Let V(1y, 12) and W(J, Iz) be strong refined neutrosophic vector spaces over a refined 
neutrosophic field K (I), 12) and let d : V(,I2) —> W(h, I2) be a refined neutrosophic vector space 
homomorphism. 


1. The kernel of ¢ denoted by Kerd is defined by the set {v € V(Ky, Iz) : o(v) = O}. 


2. The image of ¢ denoted by Im¢ is defined by the set 
{we W(h,I2): ¢(v) =w forsome v € V(h, I2))}. 


Example 2.33. Let V (1), Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K (L 1> I. 2) 


1. The mapping ¢ : V(q, 1) —>+ V(, f)) defined by $(v) = v for all 
v=a+bl +cly € V(h, I2) is a refined neutrosophic vector space homomorphism and Kerd = {0}. 


2. The mapping ¢ : V(, 1) —> V(h, )) defined by ¢(v) = 0 for all vu =a+6h, + clo € V(h, Ia) is 
not a refined neutrosophic vector space homomorphism. Since for I, € V(11, I2), (In) 4 0. 


Proposition 2.34. Let V (I), Iz) and W (Ih, Iz) be strong refined neutrosophic vector spaces over a neutro- 
sophic field K (11, Iz) and let 6: V(h, 12) —+ W(hh, Iz) be a refined neutrosophic vector space homomor- 
phism. Then 


1. Ker@ is not a strong refined neutrosophic subspace of V (I), Iz) but a subspace of V (Ii, Iz). 
2. Im@ is a strong refined neutrosophic subspace of W (11, I2). 


Proof. That Kerd¢ is a subspace of V (11, I2), and Im¢d is a strong refined neutrosophic subspace of W (1h, I2) 
follows easily . 

Now, to show that Ker¢d is not a strong refined neutrosophic subspace of V (11, Iz), we note that for 
Ip € V(11, Ig) we have that ¢([;,) = I, 4 0, this implies that I, ¢ ker¢. 

Hence, ker ¢ is not a strong refined neutrosophic subspace. 














Proposition 2.35. Let V (11, I2) and W(Ih, Iz) be strong refined neutrosophic vector spaces over a refined 
neutrosophic field K (I), Iz) and let 6 : V(y,I2) —> W(h, Iz) be a refined neutrosophic vector space 
homomorphism. If B = {v1,v2,+-+ , Un} is a basis for V (Ih, Iz), then (B) = {6(v1), (v2), +--+ , b(n) } is 
a basis for W (11, I). 


























Proof. Since B = {v 1, v2,-++ , Un} is a basis for V (11, Ig), it spans V (11, Iz), so for every 
v € V(Mh, Ia), there exist a; € K (1h, Iz), with 1 = 1,2,3,---n such that v = ayv1 + aque +--+ + Ann. 
ov) = (ayvy + ave +--+ + AnUn) 
= b(a1v1) + $(agve) + +++ + $(AnUn) 
= a1 9(U1) + a26(v2) +--+ + and(Un)- 
Thus ¢(v) = a1 (v1) + a2G(v2) +--+ + AnG(Un). 
Then for every uv € V(h, Jy), its image ¢(v) € Wh, J2) can be written as a linear combination of 
{d(01),6(02),-+ b(n) }- Hence {6(v1), 6(v2), ++ 6(Un)} spans W (In, 12). 
Now if ai¢(v1) + aed(v2) +--+ + Qnd(Un) = 0 then (av, + agvg +--+ + AnUn) = 0. 
But then each a; = 0 by the independence of the v; so {¢(v1), 6(v2),-+- (Un) } is linearly independent. 
To this end we can conclude that ¢(B) = {¢(v1), d(v2),--- d(vn)} is a basis for W (hy, 2). 
































Proposition 2.36. Let W (11, Iz) be a strong refined neutrosophic subspace of a strong refined neutrosophic 
vector space V (Ij, Iz) over a neutrosophic field K (I), Ig). Let @ : Vi, Ig) — V(hi, I2)/W(h, In) bea 
mapping defined by ¢(v) = v + W(h, Iz) for all v © V(Kh, Iz). Then ¢ is not a neutrosophic vector space 
homomorphism. 


Proof. It is easily seen, since fork = 1,2, dU.) = Ip + W(h, Io) = Wh, Io) 4 Ie. 


Remark 2.37. One of the natural questions would be if V(1, Jz) and W(44, Iz) are strong (weak) re- 
fined neutrosophic vector spaces over a refined neutrosophic field K (11, Iz)(respectively(K)). Suppose 
Hom(V (11, I2), W(, I2)) is the collection of all refined neutrosophic vector space homomorphisms from 
V(h, I2) into W(t, Iz), then by defining + and scalar multiplication on Hom(V (11, I2), W (11, I2)) can we 
obtain a refined neutrosophic vector? The answer to this is given in the next proposition . 
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Proposition 2.38. Let V (I7, I2) and W (11, Iz) be any two strong refined neutrosophic vector spaces over the 
refined neutrosophic field K (I, Iz). Let Hom(V (11, Iz), W(, I2)) be the collection of all refined neutro- 
sophic vector space homomorphisms from V (I, Iz) into W (Ih, Iz), then the triple 

(Hom(V (1), I2), W (Nh, I2)), +, -) is not a refined neutrosophic vector space over K(I;, Iz). 


Proof. de, € Hom(V (Ii, Iz), W (hh, I2)) then (¢ + v) and (w¢) € Hom(V (11, Iz), W (Ni, I2)), since 
(6+ )Ux) = Ue) + 0k) = In + Tp = 2Ly A Ip and (a¢)(Ty) = aU) = aby) A Ip for all 
a € K(h,I2) andk = 1,2. 














Definition 2.39. Let U(11, I2),V (hh, Iz) and W (dy, Iz) be strong refined neutrosophic vector spaces over a 
refined neutrosophic field K (11, I2) and let ¢ : U(1,I2) —> V(h, 12), W : Vii, tz) — Wh, Iz) be 
refined neutrosophic vector space homomorphisms. 

The composition w¢ : U(y, Iz) —+ W(hh, 12) is defined by wd(u) = (¢(u)) for all u € U(K, 12). 


Proposition 2.40. Let U(11, I2),V (i, I2) and W (Ih, Iz) be strong refined neutrosophic vector spaces over 
a refined neutrosophic field K(I,, Iz) and let @ : U(1, Iz) — V(h, fe), W: Vi, lz) — W(h, Ie) be 
refined neutrosophic vector space homomorphisms. Then the composition w¢ : U(I1, Iz) —+ W(Ih, Iz) is a 
refined neutrosophic vector space homomorphism. 


Proof: That W¢ is a vector space homomorphism is clear. Then for u = I, € U(11, Iz), we have 
von) = b(OUk)) = Uk) = Ip with k = 1, 2. 


Hence ~¢ is a neutrosophic vector space homomorphism. 
Let V (11, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field A (J,, Iz) and 























let 8: V(q1, Iz) —> V(h, Iz) be arefined neutrosophic vector space homomorphism. If B = {v1, v2--- , Un} 
is a basis for V (11, Iz), then each 8(v;) € V (Nh, Iz) and thus for 6;; € K(N, Iz), we can write 
B(v1) = Pruvit Brigvet +++ Binvn 
B(v2) = Bavit Boavet +++ Banvn 
B(Un) = Bnivit Bn2ve+ Sac aal & BnnUn- 
Let 


| Bu Box ay" Bni ] 
Bre Boe v9 Bn2 
(lea=|.° .. 


[Clg is called the matrix representation of ( relative to the basis B. 














Proposition 2.41. Let V(I,, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic 
field K (Iq, Iz) and let 8 : V(y, I2) —> V(h, 12) be a refined neutrosophic vector space homomorphism. If 
B is a basis for V (11, Iz) and v is any element of V (I), Iz), then 


[Slslulp = [6(v)]p- 


We give an example to help establish this proposition. 














Example 2.42. Let V(I1,[2) = R®(Ii, Iz) be a strong refined neutrosophic vector space over a refined 
neutrosophic field K (11, Iz) = R(h, Iz) and 

letv = (2 + 3l, + Ig,4 + 31, ar Tg, 2+ Al, + 4T) € V(h, Ip). If 6 : V(h, Iz) ——- V(h, Iz) is a refined 
neutrosophic vector space homomorphism defined by 3(v) = v for all v € V(h, In), then relative to the basis 
B = {v, = (1,1,0), ve = (1,0, 1), vs = (0,1, 1)} for V(h, Jz), the matrix of 6 is obtained as 


14+044+0f2 14+04+0l2 0+0h +012 
(Cle = | 140440 040440 14+0440l 
04+04 +02 14+04+0f2 140, 4 012 
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For v = (24344 12,44 3h — Io,2+4h +412) € V(h, Ie), we have 
B(v) Sv= (2 + Ty — 2I2)v1 + (2h, + 312)v2 + (2 + 21 + In)v3 





So that 
2+ 1, —2Is 
[ule = | 24, +32 = [B(v) |p 
2+2l, +1. 
and we have 
[Clp[vlp = [B(v) |. 





Example 2.43. Let V(1,, [2) = R?(J,, Iz) be a weak refined neutrosophic vector space over a field K = R 
and let v = (1 = 3k, + 21, 3+ Ty = 4I) E V(i, Ie). 

If 8: V(q, 12) — V(h, J2) is a refined neutrosophic vector space homomorphism defined by 6(v) = v for 
all v € V(h, Iz), then relative to the basis 

B= {v1 = (1,0), v2 = (0,1), v3 = (h,0), vs = (0, L1), v5 = (12,0), v6 = (0, I2)} for V(N, Iz), the matrix 
of § is obtained as 














100000 
6 tO 0 OO 
0010 0 0 

e=)5 00100 
6 6 0-0 1.0 
000001 


For v = (1-34, + 21,3+ 1, — 4g) € V(h, Iz), we have 


B(v) =v = v1 + 3v2 — 3v3 + v4 + 2v5 — 406. 


Therefore, 
1 
3 
ble=| [> | =BOs 
2 
—4 
and thus 
[S)elvlp = [B(v) |p. 


One interesting question to ask will be, can we find a mapping that will transform a refined neutrosophic 
vector space into a neutrosophic vector space? The answer to this is positive. Since every refined neutrosophic 
vector space and every neutrosophic vector space are vector spaces, then by relaxing the second axiom in 
Definition [2.31] the mapping @ becomes a classical vector space homomorphism which can be use for such 
transformation. 


Proposition 2.44. Let V(I;, Iz) be a weak refined neutrosophic vector space over a field K and let V(I) be 
a weak neutrosophic vector space over K. Let b : V(I1, Iz) —+ V (I) be a mapping defined by 


O((a + yh, + 2l)) = (a@ + (yt 2z)L) Vat yh t+ 2le) € V(, 12) with x,y,z € V. 
Then ¢ is a linear map. 


Proof. 1. @is well defined. Suppose 71 + yyy + 21lo = 2 + yoli + 2212 then we that 
Ly = £2, Y1 = ye and z, = 2. So, 


P( (a1 + yh + 2112)) = (41 + (yr + 21)L) = to + (yo + 22)I = O(x2 + yal + 2212). 


2. For additivity, suppose (a1 + yity + 2112), (v2 + yah + 2212) € V(h, Iz) then 
P((z1 + yiti + 2112) + (z2 + yohi + 22l2)) = O((a1 +22) + (y—14+ y2)h + (1 + 22)d2) 
(v1 + x2) + (yi + Yy2+ 241+ zo)1 
(x1 + @2) + ((yr + 21) + (yo + 22))L 
= (r1 +22) + ((y1 + 21) + (y2 + 22)L) 
(ay + (yr + 21)2) + (22 + (yo + 22)2) 
= $(@14+ yl + 212) + b(@2 + yah + 22M). 
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3. For homogeneity, let (« + yly + zz) € V(h, Iz) andk € K, then 
O(k(ay + yly + 2, 1p)) = o(kay + kyl, + kzI2) 
= kay, =r (ky al kz)I 
= kay Tr k(y1 Tr ay)t 
= k(t + (yt a)l) = ke((t1 + yh + a12)). 

















Hence ¢ is a linear map. 





Note 3. The kernel of this linear map is given by 
kerfd = {(@+yh + 2lg): O((e+ yh + 212)) = (0+ 01)} 
= {(e@+yh + 2h): (2+ (y+2)1) =(0+0} 
= {O+yh + (-y)L2)}. 


1. It can be shown that ker ¢ is a linear subspace of V (Ii, I2). 








2. It can also be shown that (ker@, +) = (V (hh, I2), +). 


Proposition 2.45. Let L(V (li, I2), V(1)) be the set of linear maps from a weak refined neutrosophic vector 
space V(I;, Iz) over a field K into a weak neutrosophic vector space V (I) over a field K. Define addition 
and scalar multiplication as below; 


(o+v)(at+yh t+ 2l2) = O((@t+ yh t+ zie) +(e + yh + 212)) 


and fork € K 
(kd) ((a + yy + 21g)) = kb(a@ + yh + 212). 


Then, it can be shown that (Ly,(V (Nh, I2), V(1)), +, +) is a weak neutrosophic vector space. 
Proposition 2.46. Let ¢ € L(V (hh, Iz), V(I)) and dimV (I;, Iz), dimV(L) < 00. 
1. If dimV (1h, Iz) > dimV (J), then, no linear map of V (I), I2) to V(L) is one to one. 
2. If dimV (1h, Iz) < dimV (J), then, no linear map of V (11, Iz) to V (1) is onto. 
Proof. 1. Suppose there exist a function ¢ € L;,(V (1, I2), V(1)) which is one to one . Then 
dimV (Ih, Iz) = dimkerd + dimImd. 


Thus, dimV (Ih, I2) = dimImdé = dimV(I)  (dimkeré = 0, since ¢ is one to one). 
This gives a contradiction. Hence there exist no such function. 


2. Suppose there exist a function ¢ € L(V (1, Iz), V(Z)) which is onto . Then Im@ = V (I). Thus, 
dimV (I, Iz) = dimker¢ + dimIm@ 


and also 


Thus 
dimV (I) > dimV (Ih, Iz) > dimV (J). 


This is not possible. Hence there exist no such function. 














3 Conclusion 


This paper studied linear dependence, independence, bases and dimensions of refined neutrosophic vector 
spaces and presented some of their basic properties. Also, the paper studied refined neutrosophic vector 
space homomorphisms and established the existence of linear maps between weak refined neutrosophic vector 
spaces V (11, Iz) and weak neutrosophic vector spaces V(I). We hope to present more properties of refined 
neutrosophic vector spaces in our future papers. 
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Abstract: In this paper, it is intended to study the concept of bipolar Neutrosophic soft set (BNSS). It is aimed to 
defined bipolar Neutrosophic soft set. Definitions and operations have been presented the BNSS. Then we present an 
aggregation BNSS operator and decision making algorithm depend on the BNSS. Number-based examples discussed 
to show (ability to be done) and efficiency of the advanced method. 


Keywords: Bipolar Soft Sets, Neutrosophic Sets, Aggregation Operators, Soft Sets, Car Selection 
1. Introduction 


The uncommon theory of fuzzy set Zadeh [1] was presented as the addition of a crisp set by expanding the truthfulness 
value set to [0,1].In fuzzy set theory, if the association membership of an element is u(x) then the non-association 
membership 1 — u(x) and so it fixed Intuitionistic fuzzy set presented by Atanassov in 1986 [2] and form an addition 
of fuzzy set by expanding the truth value to the lattice [0,1] x [0,1]. In daily life, problems, engineering, medical 
diagnosis, in the economy, and social science in many areas have to do with facts that have in its uncertainties. This 
problem may not be positively demonstrated by the existing methodologies in Greek and Latin math. There are 
approximately well- known methodological theories for discuss with vagueness such as FSS [3], IFSS [2], rough set 
[4], etc. To try to deal with a problem which is pointed out in [5]. To grip with these complications, Molodtsov coined 
the concept of aSS_as a new methodical implement for studying with hesitancies. 


BSS and basic operations defined by Shabir and Naz [6] in 2013.Lee [7], the idea of bipolar FS as a simplification of 
a FS. A bipolar fuzzy set (BFS) is an addition of fuzzy sets whose association degree range is [1,-1]. In a BFS , the 
association degree of a component means that the components are immaterial to the correspondent property, the 
association degree [0, 1] of a component shows that the elements somewhat fulfils the property and the association 
degree [-1, 0] of an element shows that the elements somewhat fulfil the implied counter property. 


Neutrosophic sets suggested by Smarandache [8] (1998,1999,2002,2005,2006,2010) which is a extension of fuzzy set 
and the IFS is a great instrument to deal with incomplete information which happen in the real world Neutrosophic 
sets are categorized. Neutrosophic set proposed by Smarandache in by truthfulness (T), Indeterminacy (I), and 
falseness (F). This concept is very significant in many applications areas since indeterminacy is computed explicitly 
and truthfulness, Indeterminacy, and falseness are independent. 
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Wang et al [9] coined the idea of single-valued neutrosophic sets. The SVNS can express the truthness, degree, 
indeterminate and stable information. All the reason described by the SVNS is very suitable for human approach due 
to the deficiencies of knowledge that human accept. 


Then Deli et al [10] advanced multi-criteria bipolar WS and study their applications in DM. Ali et al [11] suggested 
the concept of cubic set with applications in specimen identification. Broumi et al [12,13], proposed BSVNS, graph 
theory and its shortest path problem. 


Molodtsov in [14] has some possible applications of soft set theory. Furthermore, Maji in [4] presented some results 
as an application of neutrosophic SS in DM. Also, some writer planning the ideas of neutrosophic SS. Soft set to deal 
undeserving in a parameterized way. The soft set is a mathematical arrangement which has the capability of an 
independent state of parameterizations lack, conditions of fuzzy set, rough set, expectations, etc. Also, some writers 
studied the theory of neutrosophic soft set in [10, 15, 16, 4, and 17]. Jafar et al [20-24] worked on decision making 
using soft sets , fuzzy soft sets, intuitionistic soft sets and NS. Saqlain at el [28-30] worked a lot in Neutrosophic 
environment which help us a lot.Jafar et al [31] discussed a new technology in agriculture using Neutrosophic sot sets. 


This article is committed to suggested bipolar neutrosophic sets which are a mixture of a SS and BNSS. Initially, then 
we launch the BNSS and discuss some fundamentals things with instructive examples. Moreover, we defined some 
algebraic functions of the BNSS such as the complement, union, intersection, etc. Then, we defined aggregation 
bipolar neutrosophic sets operators are bipolar neutrosophic soft set residents decision-making algorithms based on 
bipolar NSS . Furthermore, we offer the DM method for DM difficulties including the bipolar neutrosophic SS and 
present a sample associated with this technique. 


Motivation and Objectives 
Motivation behind this paper is to present decision making issues in some different notions. Generally every 
one is discussing decision Making issues only with one direction we extened the work of Deli et al [10] and discussed 


the concept of NSS in bipolar environment. We discussed Agrigation operator and then use it to the selection of best 
car in market. 


2: Prelimanaries 


2.1 Definition-1: [8] 


If U is a universal set. Neutrosophic sets (WS) K in U is categorized by truthfulness J;,, an indetermination J, and a 
falseness Fy¢. Standard or non- standard elements are Jy, yc, Fy of ]O~,1*[ is defined as: 


K ={< 9, (Tac( 9), Inc), Fac §)) >: EW Tac ( 9), Ic), Fac( 9) € JO7, 1*[}. 


So that there is no confinement to the sum of Jy( 7), Jn-( 9) and Fy-( (2), 8007 < Tx ( ) + Ine 9) + Fe ( P) < 
3+, 


2.2 Definition-2: [9] 


If C is a universal set. A single-valued neutrosophic sets (SVNS) B, that is applicable in engineering and scientific 
field, in C is categorized by a truthfulness Jg, an indetermination Jg and a falseness Fz. Standard elements are 
Tz ( 9), In ( §), F( §) of [0, 1] is defined as: 


B= {< §2,(Tp(§),In(%), Fa( )) >: % € C,Ta( %),In( ), Fa() € [0,1]}. 
2.3 Definition-3: [14] 


If U be a universal set, E be a constraint that expresses the elements of U, AC E. A function fx is known as soft set 
Fx w.t.t the universal set U and represented by: 


$x: E > PQ) st $x) = Gif PEE-A 
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Everywhere fq is known as an approximation functionF x. Also, soft set is categorized by the family of the subset of 
the set U, and consequently, it can be inscribed a set of well-ordered pairs. 


Fx = {( 9,0 90)) 9 EE, fa( 2) = Gif joe E-A} 


2.4 Definition-4: [15] 


If U is a universal set,N (1) be a group of all Neutrosophic sets on U, E be constraint that express the components of 
U.Then a Neutrosophic soft set WN above U is clear by set-valued function represented by: 


fyi E—> NQD) 


The set fy( 2) is the set of sa elements of(NSS) that may be arbitrary few of them have empty and non-empty 
intersection. 


M = { (@{< UW Toney (Ds Ign py D Faye py( D >: 9 € U}: WE E)} 
Everywhere Fu 2) Ds Tp ne¢ jo) Bs Fey oy D € [0,1] 
2.5 Definition-5: [15] 
If Wjand WN, be two (WSS) over universal setU, correspondingly. 


i. Nj; is known as neutrosophic soft subset of NW, is AC B and Fev STs, 
I gnsGo( H< I pnxtpoy ( 1), Fencpy = F gnizcpoy 6 4),V@EA, LEU. 
ii. N,; And W; are equalif NW, S W; andW; © Wj. 


2.6 Definition-6: [15] 
If N,and W be two (WSS). Now, 
1) N° is said to bea complement of NSS is defined by: 
Cc a y — _ a oan - y ' y 
Mi = {(O,{< uF preci 1 —Ipnery WD Tparirn(W) >  € Up: EB} 
2) Theunion of Niand W» can be defined as N'3=Nj Ws and written as: 
Ns = {( {<u Tyce DIpnecayl DF pracy D >:  € Uf: fo € B)} 


Everywhere 
FD Smee (Sain D, Spices ») 
Ignite) 4) = min (Sint 4), Jgnscpy ( i) 
F greg) 9 = min (Foca L), F pxcpy i) 
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3) The intersection of Wand WV; can be defined as Ni=N 1 Ns and written as: 
Ha = {(d.{< BIpvaray( DJpagcn( OF gorge >: & € U}:  € E)} 


Everywhere 
Fegan 8) = min (Icy Spc) 
Iggy = mar (Iprrcn( D-Ipvzcn( D) 


F pnzcpoy i) = max ce 1), F prc i) 
2.7 Definition-7: [7] 
If Wis a universal set. 0 be Bipolar FS in UW. It can be describe as: 
0={(47*(D,T-(D): be uy 


Everywhere J* — [0,1] and J~ — [-1,0].The positive truthfulness J*( 4) correspondent to bipolar fuzzy 
set and negative truthfulness J~( d) of a component & € U to about implied counter-property correspondent 
tof. 


2.8 Definition-8: [13] 


If U be a universal set.E be a constraint that express the element of U. A bipolar fuzzy soft set @ in U. It can be 


written as: @®= {(& {( 47*(b,T-( L)): Le u}): ée E} 


Everywhere J* — [0,1] and J~ — [-1,0].The positive truthfulnessJ*( i), correspondent to bipolar fuzzy 
set @ and negative truthfulness J~( i) of a componente WU to about implied counter-property 
correspondent to @. 


2.9 Definition-9: [10] 
If Uf is a universal set. A Bipolar neutrosophic set in UL. It is denoted by A.It can be written as: 
A= {( i,T*(),I*(,F*CD,7°-(,I-(,F-( L)): LE u} 


Everywhere J*,J*t, F* — [,1] andT~,J-,F~ — [-1,0]. The positive degrees truthfulness, indeterminacy and 
falseness are denoted by T+( ),J+(),F*() correspondent to bipolar WS A and negative degrees 
truthfulness, indeterminacy and falseness are denoted by T~(4),J~( 4),F~() of acomponent Le U to 
about implied counter- property correspondent to bipolar neutrosophic set A. 


3. Bipolar Neutrosophic Soft Sets 
In this segment, we propose the concept of NSS and its operations. 
3.1 Definition-10 


If Wis a universal set. E be a constraint that expresses the element of U. A bipolar neutrosophic soft set B in 
U.It can be describe as: 


B= {(%{(471(0,I'(D,F*(D,7°(,I-(b,F (2): € uy): é € E} 
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Everywhere J*,J*t,F* — [,1] andJ~,J-,F~ — [-1,]. Te positive degrees truthfulness, indeterminacy and 
falseness are denoted by J*( 4),J*( ),F*() corresponding to bipolar NSS 8 and negative degrees 
truthfulness, indeterminacy, and falseness are denoted by J~( 4),J-( 4),F~( of a componente U_ to 
about implied counter- property correspondent to bipolar NSS B. 
Example-1: IfU ={ i, d, lj}, E= {é,,é,}.After that bipolar VSS B,and Bz above U is given as, respectively; 
B, = {&,, {C h,.6,.9,.2,—-.6,—.8, —.4),( ly,.7,.9,.8, —.6, —.8, —.3), ( 3 ,.7,.8,.2,-.6,-.9, -.9))}, 
(ep AC bis Oyef 520 py 8, iC ys 55 Aj 86/8 38) Ce 8 6 y.2 50, = By 2) 
And 
B, = {(&,{C &,.3,.8,.6, -—.7, -.8,-.3),( 2,.4,.6,.8,—.2, —8, -.3),( a3,.7,.3,.6,-.6,-.5,—-.1))}, 
(é5,{C 4,,.2,.6,.7,-.1,-.8,—-.3), by ,.3,.9,.8,-.6,—.4,—-.6), lz,.8,.5,.2,-.5,-.8,—-.1))} 
3.2 Definition-11 
An empty bipolar Neutrosophic soft set 8° with respect to universal set U. it can be written as: 
B® = {(é{( 4,0,0,1,-1,0,)): Ze U}): 8 € E} 

3.3 Definition-12 

An absolute bipolar Neutrosophic soft set 8“ with respect to universal set U. it can be written as: 

BU = {(6 {( 4,1,1,0,0,-1,-1): Ze u}):€ € E} 

Example-2: If U={ 4,, ln, lg},E = {€,,@)} 

1. Empty bipolar NSS 8? in U is given as: 

B? = {(é,, {( y, 0,0, 1, -1,0,),( &,0,0,1,-1,0,0 ), (dz, 0,0, 1, -1,0 0 ))}, 
(é ,{C &, ,0,0,1,—1,0 ,0 ),( Zz ,0,0, 1, -1,0,0 ),( 23 ,0, 0, 1, —1, 0,0 ))} 
2. Absolute bipolar NSS $8" in U is given as: 
BU = {(é,,{( 4, 1,1,0,0,-1, -1),( &,1,1,0,0,—-1, -1),( 2, ,1,1,0,0 ,-1,—-1))}, 
(é,,{C ,,1,1,0,0,—-1,—-1),( &,1,1,0,0, -1,-1),( 4, ,1,1,0,0,-1,-1))} 


3.4 Definition-13 


1B, = {(8{( 50,5 ( 0,F} (OF (0,5; (WF; (i): be U}):é € E} for7Z = 1,2,......,.n be two 
bipolar NSS with respect to universal set. Then, 8, is a bipolar neutrosophic soft subset ®, and It is 
represented by 8, © 8, iffii(ODsEZiCb, CH 2zIZCD, FICO 2 FO, GF D2zG (YD, (Ds 
Jz (0),F7 (4) Ss Fr() forall (6 EEX wu. 
Example-3: If U={,, } , E= {é,,é}. If 

B, = {(,,{C &,.8,.7,.2, -.4, —.8, — .3), ( ly,.7,.6,.7, —.4, -.8, —.3)}), 


(6 ,{( ly, .6,.7, 5, —.4, -.6, —.3),( Uy, 3,8, .4, —.4, -.7, -.2)) 
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And 8, = {(¢,,{C 4,.9,.3,.2, -.6, —.7, -.3), ( ly ,.9,.2,.4, —.8, —.6, —.1)}), 
(@2, {C dy ,.8,.7,.5, —.4, —.6, -.3), Uy ,.5,.8,.4, -.9, —.7, -.1)}) 
Then, we have 8, & Bp. 


3.5 Definition-14 


1B, = {(8{( 2.5 ( 0,5 0,F} (0, F (0),5; (WF; (i): be U}):8 € E} for = 1,2.......,n stand two 
bipolar NSS with respect to universal set. Then, 8, is bipolar Neutrosophic soft equal to B,, is denoted by 

B, = B, if (H =F( 0, FCW =I7( 0, FF CD = FIC, TY) = ITE, IFC D =, Fr (® = 
Fz(@ forall (é, DEEXU. 

3.6 Definition-15 


If B is a bipolar NSS with respect to universal set UL. then, 8° be a complement of a bipolar WSS. It can be 
written as; 


Bo = {(68,{(4F*(D,1-7(D,7*(D,F-(D,-1-F-(D,T-(D): LEU): te E} 
Example-4: consider the example 1 
Bo = {(é,,{( y,.2,.1,.6, -.4, -.2, -.6), ( lp ,.8,.1,.7, -.3, —.2, -.6), ( ig, .2,.2,.7, -.9, —.1, —.6)}), 
(@,,{( &,,.7,.4,.9, —.4, -—.2, -.6), ( 2 ,.8,.6,.5, —.3, —.2, —.6), ( lg, .2,.4,.8, —.7, —.2, —.5))} 


3.7 Definition-16 


1B, = {(8{( 5G ( 0,5} 0,F} (OF (0,5; (0, F; (i): he U}):8 € E} for7 = 1,2,......,.n be two 
bipolar NSS above U. After that 8, and 8, are union also denoted by 8, WU B. It can be written as; 


B, UB, = {(¢, {(( 4 max,{Jj*( D}, min, {I7 ( D}, min, {FF ( D}, min, {J ( D}, max,{J; ( D}, max,{F; ( D}) 
Le u}) : e€ E,and 7 = 1,2, 1} 


Example-5: consider the example 1 
B,UB, = {(,,{C ,,.6,.8,.2, -.7, -.8, —.3), (2, ,.7,.6,.8, —.6, —.8, —.3), ( 23,.7,.3,.2, —.6, —.5, —.1)}), 
(é,{C 4,,.9,.6,.7, —.6, —.8, —.3), ( 2,,.5,.4,.8, —.6, —.4, —.3), ( dg, .8,.5,.2, —.5, —.8, —.1))} 
3.8 Definition-17 


1B, = {(8{( 2.5 ( 0,5} ( 0,F} (0, F (0),5; (WF; (i): he U}):é € E} forZ = 1,2,......,n stand 
n Bipolar NSS above U. After that 8, are the union of 7 bipolar NSS is denoted by U7_,B,, can be written 
as; 


U2 ,B, = {© {(amax,{F* ( D}, min, {9} ( D}, min, {FF ( D} min, {J ( }, max,{J; ( D}, max, {F; ( D}) 
Le u}) : e€ E,and 7 = 1,2, yt} 


3.9 Definition-18 
1B, = {(8{( 2.5 ( 0,5} 0,F} (0,57 (0,5; (WF; (i): he U}):8 € E} forZ = 1,2,......,.nbe 


two bipolar NSS above U. After that 8, and B, are union also denoted by 8,! B,. It can be written as; 
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BiN B = {(6,{( 4 min, {F*( D}, max, {If ( D}, max, {FF ( D}, max,{TF;( }, min, {J7 ( D}, min,{F; ( D}) 
Le u}) : e€ E,and 7 = 1,2, ean 


Example-6: consider the example 1 
BN Be. = {(&,, {C ,,.3,.9,.6, -.6, —.8, —.4), (ly ,.4,.9, 8, —.2, —.8, —.3), (lg ,.7, 8, .6, -.6, —.9, —.9)}), 
(@2,{( 4,,.2,.6,.7,—-.1, —.8, —.4), ( Z2,.3,.9,.8, —.6, —.4, -.6), ( lg ,.8,.6,.2, —.5, —.8, —.7))} 


3.10 Definition-19 


1B, = {(8{(2.5*( 0.5} 0,F} (0,5, (0,5; (0, F; (i): he Ul):8€ E} forZ = 12,......nben 
bipolar NSS above U. After that 8, are the intersection of 1 bipolar NSS is denoted by N*,B,, can be 
written as; 


Ni. B, 
_ fe ‘ b,min,{J;* ( D}, max,{I} ( D}, maz{F}( W)}, max,{J; ( D}, min,{I7 ( D}, min, {F; ( D}) } 
: hE Ue € E,and 7 = 1,2,...,n 
4. Methodology 
AGGREGATION BIPOLAR NEUTROSOPHIC SOFT OPERATOR 


The following portion presents an aggregation bipolar soft operator for implementing in bipolar NSS further- 
more demonstration of an algorithm developed based on bipolar NSS is given by arithmetical example to apply 
the appropriate usage and applicability of proposition. 


Definition 


1fB={(E{(4T*(D, CD, FD, (DI (b,F- (bD): Leuj}): CEE} = 
{{( L55(b),5 (0, Ff (DF (b,I5(H,FrF(D): he up: ee E} be a bipolar NSS above U. After 


that, the aggregation bipolar NSS operator is denoted by %,,,, can be written as; 


agg? 


Bagg = (Ng D/ a: LE Uy 
lh) = Z (DGC u@? »(H(% Ca —@! 
ne) = TY. CID KCDGE C= FEC) 4 IE CD (TEC) = FECD)D 


Everywhere |E xX U| is the cardinality of E x U. 


5. Algorithm 
1. Make the bipolar NSS on U. 
2. Calculate the aggregation bipolar NS operator. 
3. Find an alternative set on. 


Example-7: Bipolar condition is a serious psychological disease especially if not treated early that can 
exceed to dangerous performance, challenging careers etc. A bipolar mood chard representing the 
condition of patient’s every month. Bipolar teenagers and their families will greatly advantage from mood 
plotting and can suppose initial finding the signs and purpose of proper cures by their doctors. We make 
mood plan according to algorithm. Let U = { l,, 5, 3, 44} present the set of day in which data has been 
maintain and E = {é, = severe depression, "¢, = anxiety,é; = medication"} be set of parameters. Now 
we apply a set of rules as follows 


1- Decision making of bipolar NS 8% above another set U as: 
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B 
=, AC 23, 9, SOC 29 = 7-38 1). 7.88, = 9 60 29 A bo ey 


{(6, {( Ly, .9, 6, 8, —.2, -.7, -.9), ( ly, 6, .2,.9, -.7, -.1, —.4), ( lz, 1,.7, 4, —.3, -.6, -.9), ( lig, .6,.9,.3, -.1, —.3, -.7)) 
{(63, {( ly,.7, -1,.3, —.9, -.2, -.8), ( ly, 8, .6,.9, -.1, -.5, —.8), ( lz, .1,.5, .9, -.6, —.9, -.7), ( ly, 8, .4,.7, -.3, —.5, -.1))} 


2- find the decision making of aggregation bipolar NS operator 8,,, of 8 as: 


Bagg = (.1075/ ly ,.1283/ ly ,.1358/ bz ,.0891/ hy} 
3- Choose the maximum degree of , is. 1358 from 8,,, amongst the other. 


Example-8: Let U = {a,,a,, a3,a@4,as} present the set of AC inverters and E = {é,, é5, é3,é,} be the set of 


constraints in which" é, = company"," @, = functions","_e3 = cheap"," é, = AC capacity". Now we apply a 
set of rules as follows: 


1. Decision making of bipolar NS 8 above another set U as: 
B = {(&, {Ca,,.2,.3,.7, —.5, —.8, —.6) (az, .6, 8, .9, —.3, —.9, —.7), (a3, .5,.4,.8, —.6, —.8, —.3), 
(a4, .3, .9,.6, —.6, —.8, —.4), (as, .2,.5,.6, —.8, —.5, —.7))}, {(é2, (Cay, .3,.7,.5, —.9, —.1, —.9), (az, .5, .9,.8, —.6, —.8, —.1), 
(a3, .8,.6,.2, —.5, —.8, —.7), (a4, .9, .6,.7, —.6, —.7, —.9), (as, .8,.5,.2, —.5, —.8, —.8))}, 
é3, {(a,,.3,.5, .8, —.9, —.7, —.1), (az, .6,.3, .1, -—.8, -.9, —.9), (a3,.9,.9,.5, -.3, —.2, -.1), 
(a,,.3,.1,.7, —.2, —.7, —.3), (as, .4,.6, .8, —.1, —.9, —.7) }{ (Ey, {(a,, 9, .8, .3, -.1, —.2, -.7) 
(a,,.3,.7,.8, —.3, —.5, —.4)(a3,.5,.1,.3, —.7, —.4, —.3) (ay, .6,.9,.7, -.9, —.8, —.4) (as, .9,.5,.2, -—.1, -.1, -.6))} 


2. find the decision making of aggregation bipolar NS operator &%,,, of B as: 
Bagg = {-1105/a,,.11525/a, ,.0915/a, ,.114/a,,.07525/a 5} 
3. Choose the maximum degree of az is.11525 from 8,,, amongst the other. 


Example-9: Let U = {c,,cz, cz} present the set of auto car and E = {"é, = cheap","é, = features","é, = 
metallic colour", } be a set of constraints. Now we set of rules as follows: 


1. Decision making of bipolar NS 8 above another set U as: 
B= {(&, {Cc,,.1,.3,.5, —.4, —.2, -.5) (co, .3, .1,.6, —.3, -—.5, -.6), (3, .2,.4,.5, —.3, -.1, -.2)}, 
{(€2, {(cz, .6,.1,.3, —.2, -.1, —.4), (cz,.7,.3,.1, -.2, —.3, -.5), (c3,.1,.5, .4, -.3, —.2, -.1)}, 
{(€3, {(cz,.5,.2,.1, -.7, —.1, —.3), (C2, .3, .4,.1, -.5, —.2, -.1), (c3,.4,.1,.6, -.3, —.2, —.5)} 


2. Find the decision making of aggregation bipolar NS operator %,,, of as: 
Bagg = Bagg = {.1672/c 1,.145/c 2 ,.1833/c 3} 
3. Choose the maximum degree of c; is .1833 from 8,,, amongst the other. 


6. Conclusion 


In this paper, we discussed about the concept of bipolar neutrosophic soft sets and redefined some features of that 
particular concepts. Then we have employed bipolar neutrosophic soft sets in auto car selection with the help of 
aggregation operators. So we reached at the decision that what type of car is selected on what characteristics. 


Acknowledgement: I acknowledge the referees who gave their valuable comments to improve this paper. 
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Abstract 


Neutrosophic along with its environment development over the past decades. Neutrosophic environment is apply to various 
applications in logic,statstics,albebra, neural networks and several other fields. Neutrosophic sets has been presented to handle the 
indeterminacy in real-world decision-making problem. Real world problems have some kind of uncertainty in nature and one of 
the influential problem in environment. Neutrosophic environment results are apply to a new dimension in traffic control. 
Neutrosophic is the vital role on traffic flow control . It is deal with membership , non membership and also indeterminacy of the 
data as well. The advantage of the neutrosophic environment is to find the optimized result of the system choosing the best 
alternative.In this paper, traffic flow control is analyzed under neutrosophic environment using MATLAB. 


Keywords: Traffic flow ,Neutrosophic environment, Neutrosophic network 


1.Introduction 


If the number of vehicles are increased and having lower phase of highways then there will be a traffic 
congestion problem. The general factors for traffic problems are density of the vehicles, human behavior, traffic light 
system and social behavior. The complex and changing traffic situations cannot be dealt by conventional traffic 
control methodologies or control systems. Analyzed the Parametric and nonparametric traffic volume forecasting[ 1]. 
Deals with Spectral and cross-spectral analysis of urban traffic flows [2]. To introduced the traffic forecast using 
simulations of large scale networks[3]. Analyzed the multivariate state space approach for urban traffic flow modeling 
and prediction[4].Introduced Interval neutrosophic Sets and Logic[5].Introduced A unifying field in logic. 
Neutrosophy: Neutrosophic probability, set, logic[6]. Analyzed A Bayesian Network Approach to Traffic Flow 
Forecasting[7]. Introduced a novel Fuzzy Neural Approach to Road Traffic Analysis and Prediction[8]. Introduced 
the Type-2 fuzzy logic approach for short term traffic forecasting[9]. Analyzed the Ensemble learning approach for 
freeway short-term traffic flow prediction[10]. Introduced the Fuzzy Neural Network model Applied in the Traffic 
Flow Prediction[11]. Introduced an Aggregation Approach to Short-Term Traffic Flow Prediction[12].Predicting 
traffic flow, speed, length of the queue and travel time are necessary for the transportation management applications 
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[13]. Predicting and modeling traffic flow has drawn attention from literature as it is very important for formatting 
intelligent transportation system theoretically and practically. The area of transportation studies has attracted interest 
among the researchers [14]. Fuzzy logic is a powerful tool to used in unncertainties in measurements and information 
used to calculate the parameters; here the membership value for a particular traffic state is not a crisp value Any 
number of intersections and lanes can be handled using fuzzy and interval fuzzy logic in traffic control management. 
Generally there are two types of signal control available, namely, fixed time control (the traffic conditions are fixed) 
and adaptive time control (the traffic conditions may be refined over a period of time control [15-16]. Introduced an 
intelligent Traffic Light Control System for Isolated Intersection Using Fuzzy Logic[17]. The complex and changing 
traffic situations cannot be dealt by conventional traffic control methodologies or control systems 

Ifthe number of vehicles are increased and having lower phase of highways then there will be a traffic congestion 
problem. The general factors for traffic problems are density of the vehicles, human behavior, traffic light system and 
social behavior. The complex and changing traffic situations cannot be dealt by conventional traffic control 
methodologies or control systems. 


As the flow of traffic varies from hour to hour in morning and evening. Especially during office timing the traffic 
flow will be high in general. The one of the advantage of fuzzy logic is, there is a possibility of computing with words 
[18]. 


Neutrosophic logic was proposed by Smarandache can express determinate as well as indeterminate of the 
information by neutrosophic numbers. Solving traffic flow problem is a difficult one for certain parameters as the 
real-time situations are uncertain in nature and can be solved easily by considering neutrosophic logic [19]. Introduced 
a Traffic signal control using fuzzy logic[20]. Deal with Interval neutrosophic multiple attribute decision-making 
method with credibility information[21]. An Improved score function for ranking neutrosophic Sets and Its 
Application to decsion making process Fuzzy and neutrosophic logic are playing a vital role in dealing with 
uncertainties. Introduced the traffic control management in triangular interval type-2 fuzzy and interval neutrosophic 
environments [26-34]. Introducted the traffic control management using Gauss Jordan method under neutrosophic 
Environment[35]. 


2. Definition 


Neutrosophic number 

Neutrosophic linear equations and solving method for traffic flow control under neutrosophic number (z=a +b]) 
environment. A system consists of linear equations (LEs) can be solved . By finding an augmented matrix form the 
given system, one can find the inverse of the matrix and using MATLAB. 


3. Applications 
At Analyze of traffic flow 


The roads are considering as Road1, Road2, Road3 and Road4. FIGURE | shows the traffic flow on the four 


roads. Here z is a neutrosophic variable, and”!, ”2 and *3 are the unknown variables. In this junctions falsity 
considered as zero. Where I is the indeterminacy of the traffic flow. 
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Road 1 Road 2 


800 ,y2 





Y3 800 


600 | 


FIGURE 1. The traffic flows of four roads 





The traffic in the junction as follows: 
2000=y+z 
2300=y1+y2 
1700=y2+y3 
2100=y3+z 

Rewrite the equation as, 
y1 = 2000-z 
y1+y2 = 2300 


y2+2y3 = 3800-z 


Based on, z = 500+I, the system can also be described by the following three NLEs: 


Then, the neutrosophic equations are: 
y, =1500-1 
y1+y2 = 2300 
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y2+2y3 = 3300-I 


Thus, the neutrosophic matrices are: 


1 0 0 y 
A=|1 1 0] Y=|y 
Ot 2 3 
1500-1 
B= 2300 | 
3300 —I 





For the system consists of NLEs, apply the MATLAB software, shown in the following program and the solution of 


the system is : 


For the system consists of NLEs, apply the MATLAB software, shown in the following program 


cle 

syms |; 

a=[1 0 0;1 10;0 1 2] 
b=[1500-1;2300;3300-1] 
[v,j]=jordan(a) 

j=inv (v)*a*v 

y=a\b 

Output of the program are as follows: 
a=[1 0 0;1 10;0 1 2] 
b=[1500-1;2300;3300-!] 


[v,jl=jordan(a) 


y=a\b 
1500 -I 
Y =| 1+ 800 
1250-1 





The values of Y are NNs. 


In some of the real-time situations, when! €[0, 100] is the possible range, the solution of the system is: 


yi]  [[1400,1500] 
bs =| [800,900] 
ys] |[1150,1250] 
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Corresponding to the possible traffic flow z = [200,250] 


Thus the ranges of the three traffic flows are 


y, = [1400,1500] 
yo = [800,900] 
y3 = [1150,1250] 


In table 1 represent the various range of indeterminacy. 


TABLE 1. Traffic flo ws according to various ranges of Indeterminacy 


Zz aa 
I=0 200 1500 
I <[100,200] [300,400] _[1300,1400 


I 
€[200,300] [400,500] —_[1200,1300] 
[300,400] [ | 
[400,500] [ | 


[500,600] 
[600, 700] 


1100, 1200 
1000, 1100 


[900,1000] 
[1000,1100] [950,1050] 
[1100,1200} 
[1200,1300] 


¥3 
1250 
[1050,1150] 


[850,950] 
[750,850] 


In table 2 shows that the advantages and disadvantage in fuzzy and Neutrosophic traffic 
control management. 


Table :2 Comparison of Traffic Control Management using Crisp , Fuzzy and 


Neutrosophic 





Traffic Control 
Management 


Advantages 


Limitations 





Crisp 


Traffic density for all fixed time 
period. 


It is not possible to act in varing traffic 
density. 

Not able to solve quickly in uncertainty 
behaviour 





Fuzzy 





Neutrosophic 





4. CONCLUSION 

Traffic control management is an essential task which insure the safty of the people . In this paper, fundamental 
concepts of traffic control have been reviewed. Triangular and Trapezoidal Fuzzy numbers are widely used in many 
of the real world problems as it deals with the problems which having less number of membership values with covering 
the linguistic parameters of the system effectively. Traffic flow management has been analyzed with respect to various 


Traffic density in different time can be 
consider. 

Intelligent 

Act the best security 

Deals not only uncertainty but also 
indeterminacy due to unpredictable 
environmental disturbances 
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Not able to use in stability. 
Not able to use flexibility. 
Not able to use in on line planning. 








Not able to calculate the error. 
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ranges of indeterminacy under neutrosophic environment using MATLAB program Also compared the traffic control 
management for crisp sets,fuzzy and neutrosophic. 
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Abstract 


The idea for this paper is based on the use of a computer-connected microscope associated with Deep Learning, 
using Convolutional Neural Network (CNN). CNN is a mathematical type of Deep Learning used to recognize 
and diagnose images. After that, we photograph blood samples, as well as samples, were taken from the mouth 
and nose, as well as it is possible to photograph the throat from the inside of a large number of injured and 
uninfected people as well as suspected of infection and provide a large number of references for this program for 
each type of those different samples. It is possible to perform this process in few minutes, save time and money, 
make analyzes for the largest possible number of people, and provide results in an accurate and documented 
manner, which is through the Neutrosophic time series. The basis and analysis of dealing with all data, whether 
specific or not, that can be taken by time series values, then we present the linear model for the neutrosophic time 
series, and we test the significance of its coefficient based on patients distribution. Finally, from the above, we 
can provide a patient neutrosophic time series according to the linear model through which we can accurately 
predict the program will give degrees of verification and degrees of the uncertainty of the data. 


Keywords: COVID-19, Corona Virus, Neutrosophic Systems, Neutrosophic Domain, Deep Learning, 
Convolutional Neural Network 

Background: Coronavirus disease has widely spread all over the world since the beginning of 2020. It is desirable 
to develop automatic and accurate detection of COVID-19 using chest CT. 


1. Introduction 


Medical workers deal with a vast amount of information, which has arisen from the womb of laboratory tests 
and clinical and physiological observations. As doctors began a shift in clinical practice from an accidental 
analysis to relying on the accuracy of their observation to analyzing different evidence and structured algorithms, 
relying on groups of constantly updated to improve the ability to diagnose a disease or predict patient outcomes. 
From this standpoint, that study, which relies on the use of artificial intelligence and Neutrosophic data to identify 
people with this virus in degrees of certainty, uncertainty, impartiality, and to exploit this in the medical aspect to 
provide the greatest amount of time and money. Coronavirus, also known as COVID-19, which is among the 
viruses is a large series of viruses that cause many diseases ranging from the common cold and acute respiratory 
diseases, and the disease was first discovered in 2012 [10], who are infected with children and the elderly, the 
cause of their immunodeficiency and those who have heart diseases are more vulnerable to this virus. This virus 
has invaded many countries in the world now, caused a recession in the world economy, left many deaths, and 
injured. Neutrosophic is a new view of modeling, designed to effectively deal with underlying doubts in the real 
world, as it came to replace binary logic that recognized right and wrong by introducing a third neutral case which 
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could be interpreted as non-specific or uncertain. Founded by Florentin Smarandache in 1999 [2,3], as a 
generalization of fuzzy logic . As an extension of this, A. A. Salama introduced the neutrosophic crisp sets Theory 
as a generalization of crisp sets [1] and developed, inserted and formulated new concepts in the fields of 
mathematics, statistics, computer science and information systems [4-9]. Neutrosophic has grown significantly in 
recent years through its application in measurement, sets and graphs and in many scientific and practical fields. 


2. Scientific Experiment: 

The first step of the experiment is defining the pre-dataset of images of the available samples about 
people who are infected with the Coronavirus, to make image references for comparison with modern intraoral 
pictures. There is four sections of data set are used, as follows: 

e The first section is images of blood samples. 

e The second section is images of saliva samples. 

e The third section is images of nose samples. 

e The fourth section is images of nose samples. 

The system needs a microscope imaging connected to a computer as well as a photographic camera connected 
to the same device and a computer device that uses CNN to match and identify similarities of images with the pre- 
dataset of images that were previously placed on the program, by enlarging the modern images that are pulled 
from the microscope and the camera. The pre-dataset of images is the reference to diagnose each section separately 
so that the system gives an expectation to each section through analyzing and processing data and images as well 
as determining the probability of a person being injured or not, as well as the risk of injury. 


The following experiment package: 





Fig.1. Experiment Tools 


Below are the stages and mechanism for implementing the idea and requirements: 


1- Stages: 


DOT: 10.5281 /zenodo.3957484 55 


International Journal of Neutrosophic Science (IJNS) Vol. 9, No. 1, PP. 54-59, 2020 





The first stage 
Sample collection 





An inside picture of 
the mouth 





The second phase 
Setting and photographing samples 





Fig.2. Implementation stages (1, 2, 3 and 4) 


third level G) 


Putting pictures on the program and processing 
them 








The fourth stage 4) 
Determine the differences and similarities between the 
different images 
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In the last step of the system, the principles of neutrosophic computing useful to system implementation for a 
large plethora of applications. 















Neutrosophic Neurtrosophic 
Data System 


Neutrosophic 
Wisdom 





Neutrosophic 
Information 







Fig.3. Neutrosophic Information Systems 


The following figure represents the Neutrosophic COVID-19 image classifier Architecture 


COVID-19 Database Rape RANE 
COVID-19 in 
Neutrosophic Domain 


Database 
Neutrosophic Feature 
Extraction 








COVID-19 
in Neutrosophic 
Domain 


Neutrosophic Feature 
Extraction 
Neutrosophic - 
Ne ae P Retrieved Data 
similarity Carpon 


Figure 4. Neutrosophic COVID-19 image classifier Architecture [11] 















Neutrosophic 
Feature Database 





The algorithm for the proposed system is given below which presented in Figure 4: 


1. Convert each image in the database from the spatial domain to the neutrosophic 
domain. 
2. Create a database containing various COVID-19. 


3. Extract the Texture feature of COVID-19 in the database. 

4. Construct a combined feature vector for T, I, F and Stored in another database called 
Featured Database. 

5. Find the distance between feature vectors of query COVID-19 and that of featured 
databases. 


6. Sort the distance and Retrieve the N-top most similar. 


The RNN structure replaces the traditional neuron by two neurons (lower neuron, upper neuron) to 
represent lower and upper approximations of each attribute in the CTG data set, its structure formed 
from 4 layers input, 2 hidden and output layers. The hidden layers have rough neurons, which overlap 
and exchange information between each other, While the input and output layers consist of traditional 


neurons 


DOT: 10.5281 /zenodo.3957484 57 


International Journal of Neutrosophic Science (INS) Vol. 9, No. 1, PP. 54-59, 2020 


The following figure gives an example of a patient's neutrosophic time series 


Neutrosophic componant 


1,004 
1,003 
1,002 
1,001 


0,999 
0,998 
0,997 
0,996 
0,995 
0,994 
0,993 


Fig.5. Patient neutrosophic time series 


Recommendations: 

The implementation steps require: 

1) Providing modern computers inside the isolation hospitals equipped with a program for matching 
pictures, processing data, and issuing expectations and recommendations. 

2) Provide a special microscope for imaging samples connected to a computer, as well as a high-quality 
camera connected to the computer as well. 

3) Place blood samples, as well as samples, were taken from the mouth and nose, on the microscope, take 
pictures and place them on the aforementioned program. 

4) Take pictures of patients' mouths from the inside (the beginning of the throat) and put them on the 
program. 

5) Use all images for samples and mouth and put them as references for the system and divide the pictures 
into patterns and each reference pattern is different. 

6) Determine the different virus patterns from the pictures and put all the data related to that pattern of 
symptoms, health status, and development in the case. 

7) Take samples from the persons suspected of being infected, as well as those in contact with patients, and 
provide them with the program. 

8) The start of applying this system in hospitals to identify the injured and the savings of time, effort and 
money. 


Conclusion and Future Works 


The idea for this study is based on the use of a computer-connected microscope associated with Deep Learning, 
using Convolutional Neural Network. The basis and analysis of dealing with all data, whether specific or not, that 
can be taken by time series values, then we present the linear model for the neutrosophic time series, and we test 
the significance of its coefficient based on patients distribution. Finally, from the above, we can provide a patient 
neutrosophic time series according to the linear model through which we can accurately predict the program will 
give degrees of verification and degrees of the uncertainty of the data. Furthermore, the proposed framework can 
also be extended towards other important domains of healthcare such as diabetes, cancer, and hepatitis, which can 
provide efficient services to corresponding patients. 
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Abstract 


A single valued neutrosophic set (SVNS) is a useful tool to portray uncertainty in multi attribute decision- 
making. In this article, we develop hybrid averaging and hybrid geometric aggregation operator using sine 
trigonometric function to handle uncertainty in single valued neutrosophic information, which are, sine trigonometric- 
single valued neutrosophic hybrid weighted averaging (ST-SVNHWA) operator and , sine trigonometric-single 
valued neutrosophic hybrid weighted geometric (ST-SVNHWG) operator. We investigate properties, namely, 
idempotancy, monotonicity and boundedness for the proposed operators. Moreover, we give an algorithm 

to solve multi-criteria decision-making issues which involve SVN information with ST-SVNHWA and ST- 
SVNHWG operators. Finally, an illustrative example of agricultural land selection is provided to verify the 
effectiveness. Sensitivity and comparative analyses are also implemented to assess the stability and validity of 

our method. 


Keywords: 


Single valued neutrosophic set, Sine trigonometric single valued neutrosophic information,Agriculture land 
selection,Decision Support. 


1 Introduction 


Multi-criteria decision-making (MCDM) is performing a vital role in different areas, including social, physical, 
medical and environmental sciences. MCDM methods use not only to evaluate an appropriate object but also 
to rank the objects in a given problem. To solve different uncertain problems for decision-making, Atanassov 4) 
presented the concept of intuitionistic fuzzy set (IFS) to include both membership and non membership parts, 
an extension of fuzzy se in which simply membership part is characterized. After that, various hybrid 
models of fuzzy sets (FSs) have been presented and investigated such as, Pythagorean fuzzy sets (PyFSs) #4 
Picture fuzzy sets (PFSs) 27 Spherical fuzzy sets (SFSs}IZI and single-valued neutrosophic set (SVNS) 38/0 
Aggregation operators (AOs) perform an important role in order to combine data into a single form and 
solve MCDM problems. Aggregation implies the invention of a numeral of things to a cluster or a bunch 
of objects that have come or been taken together. In the past few years, aggregation operators based on FSs 
and its various hybrid compositions have made very much attention and become attractive because they can 
quickly execute functional areas of diverse regions. For example, Yager introduced weighted aggregation 
operators (AOs). Khan et al. 23] presented the probabilistic hesitant based DM technique. Xu proposed 
some new AOs under IFSs. Khan et al.25! established the novel decision making (DM) methodology under 
generalized intuitionistic fuzzy soft information. Khan et al.24l established the Dombi AOs under PyFSs. 
Ashraf et al. 5! proposed the fuzzy decision support modelling for internet finance soft power evaluation based 
on sine trigonometric Pythagorean fuzzy information. Batool et al., established the entropy based DM method 
under probabilistic Pythagorean hesitant fuzzy information. Sajjad et al.22l established the TOPSIS approach 
under PyFSs. Ashraf et al.{4l presented the AOs based on oa norm under PFSs. Khan et al.26l presented 
the AOs based on Einstein norm under PFSs. Ashraf et al.! introduced the DM method under picture cubic 
fuzzy sets (PCFSs). Qiyas et al.2415] established the AOs based on the Dombi and algebraic norm using 
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linguistic picture fuzzy information respectively. Rafiq et al.62 proposed the cosine trigonometric function 
based similarity measure under SFSs. Zang et al./48l proposed the DM approach using TOPSIS under spherical 
fuzzy rough set. Ashraf et al.{8l introduced the norm representation under SFSs. Ashraf et al.2l presented the 
AOs using Dombi norm under SFSs. Jin et al.29Ql introduced the AOs for hybrid structure of linguistic and SFSs. 
Ashraf et al.!9l presented the AOs for SFSs using the symmetric sum technique and discussed their application 
in DM. Jin et al, 21 established the logarithmic function based AOs under SFSs. Ashraf et al ll presented 
the DM technique using distance measures under SFSs. Barukab et al.04) introduced the entropy measure 
based extended TOPSIS under SFSs. Ashraf et al.2/ established the AOs using logarithmic function under 
SVNSs. Yd established the correlation coefficient based DM approach under SVNSs. Liu et al.28l proposed 
the Dombi norm based DM methodology under linguistic SVNSs. Liu et al.2% established the muirhead mean 
based power AOs under SVNSs. Liu et al. 234) presented the Heronian mean based power AOs using linguistic 
SVNSs and cubic neutrosophic information respectively. Ji et al. 221 presented the Bonferroni mean AOs using 
Frank norm under SVNSs. Yé“lintroduced the list of novel AOs using exponential function under SVNSs and 
discussed their application to tackle the uncertainty in decision making problems. 

Since single valued neutrosophic model is more general than the fuzzy sets, IFS, PyFS, PFS and SFSs due 
to the wider range of applicability over different complex problems. The SVN sets can explain uncertainties 
concurrently more precisely than the other existing methods, like fuzzy set and existing structures|1612716] 

The motivation of developed AOs is summarized as below. 

(1) A very difficult MCDM problem is the estimation of the supreme option in a single valued neutrosophic 
environment due to the involvement of several imprecise factors. Assessment of information in different 
MCDM techniques is simply depicted through fuzzy and their existing structures which may not consider all 
the data in a real-world problem. 

(2) As a general theory, single valued neutrosophic numbers describes efficient execution in the assessment 
process about uncertain, imprecise and vague information. Thus, single valued neutrosophic theory provide an 
excellent approach for the assessment of objects under multinary data. 

(3) In view of the fact that sine trigonometric hybrid AOs are simple but provide a pioneering tool for 
solving MCDM problems when combine with other powerful mathematical tools, this article aims to develop 
sine trigonometric hybrid AOs in a single valued neutrosophic environment to handle complex problems. 

(4) A single valued neutrosophic model is different from the mathematical tools like fuzzy sets and their 
extensions. Because the fuzzy set and their extensions can only handle one dimensional data, two dimensional 
data and three dimensional data, respectively, which may prompt a loss in data. Nevertheless, in many daily 
life problems, we handle the situations having higher dimension to sort out all the attributes. 

(5) The sine trigonometric hybrid AOs employed in the construction of SVN sine trigonometric hybrid 
AOs are more suitable than all other aggregation approaches to tackle the MCDM situations as developed AOs 
have ability to consider all the information within the aggregation procedure. 

(6) sine trigonometric AOs make the optimal outcomes more accurate and definite when utilized in prac- 
tical MCDM problems under single valued neutrosophic environment. However, the proposed single valued 
neutrosophic operators handle the drawbacks of AOs present in the literature. 

Therefore, some single valued neutrosophic sine trigonometric hybrid AOs are developed to choose the 
best option in different decision-making situations. The developed operators has some advantages over other 
approaches which are given as below: 

(1) Our proposed methods explain the problems more accurately which involve multiple attributes because 
they consider single valued neutrosophic numbers. 

(2) The developed AOs are more precise and efficient with single attribute. 

(3) To solve practical problems by using sine trigonometric hybrid AOs with single valued neutrosophic 
numbers is very significant. 

The rest of this article is structured as follows: Section 2 recalls some fundamental definitions and op- 
erations of the SVNSs. Section 3 presents novel sine hybrid aggregation operators. Section 4 develops a 
methodology of these AOs to MCDM problems under single valued nuetrosophic environment. Section 5 
discusses a application of the selection of best agricultural land. Section 6 provides comparative analysis 
of developed approaches with different aggregating methodologies. Section 7 discusses the conclusions and 
future directions. 


2 Preliminaries 


In this section some essential notions of PFS, SFS, and SVNS are examined. 
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Definition 2.1. “A PFS U/ in fixed universe set Jis defined as 
U = {(, Pp (>), Vp (0) , fp (b)) |b € JI, 


where the positive, neutral and negative membership grades, p, : ] > 0, 1,:1— O andar, : J 0, 
respectively and also, © = (0, 1] is the unit interval. Furthermore, 0 < py (b) + Ty (b) + fg (b) < 1, for each 
bed. 


Definition 2.2. SFS U/ in fixed universe set J is defined as 
U = {(b, Po (?) , To (0) 7 (b)) |b € J}, 


where the positive, neutral and negative membership grades, p, : ] > 0, 1,:1— O andr, : J 0, 
respectively and also, © = [0, 1] is the unit interval. Furthermore, 0 < pz, (>) + Te (b) + 72 (b) < 1, for each 
ped, 


Definition 2.3. 58/4 neutrosophic set U/ in a fixed universe set J is defined as 


U = {(b, Pp (0), Io (>) , Rp (0) [b ET, 


where the positive, neutral and negative membership grades, p, : J > J0-,1*[, 1, : J > ]O-,1*[ and 
fy 1 J0~,17[, respectively. Furthermore, 0~ < fg (b) + Tp (b) + fag (b) < 3°, for each b € J. 


Definition 2.4. #21 4 SVNS U in a fixed universe set J is defined as 
U = {(b, Po (P) , To (b) 7% (b)) |b € J}, 


where the positive, neutral and negative membership grades, p, : ] > 0, 1,:1— Oandn, : J > 0, 
respectively and also, © = (0, 1] is the unit interval. Furthermore, 0 < f, (b) + Tp (b) + fig (b) < 3, for each 
bed. 


In simplification, throughout the whole work, the triplet / = {f,, Tp, %¢} called single valued neutro- 
sophic number (SVNN) and their collection denoted by SV NN oa 
Here we highlight the some basic operations for SVNN s HGH 350] as follows 


Definition 2.5. Let U4, = {Ho,, Tor; 7, } and U2 = {Pog, Toss Figo, } € SVNN (1). than, 

(1) Uy, C Up if and only if Pg, < Pes, To, > Tp. and ip, > ty, for each b € J. 

(2) Uy, = Ue if and only if U4, C U2 andy CU. 

(2) Uy NU2 = {min (Pp, Per), Max (Tp,, Ip.) , Max (Ao, , Mp» )}, 

(3) Uy UU2 = {max (Pp,, Peo), Min (Tp., Tp.) , min (Rp, Mo»)} 

(A) UE = {Mors Tor Port - 

Definition 2.6. “4 Let U4, = {fo,, Tors fo, } and Us = (Pos, Too, Tio, } € SVNN (J) with O > 0. than, 
(1) U1 @ U2 = {Por Poa» Tex + “Toe =4 Tes: Too Rey t+ Ro, — Ne, Tests 

(2) U1 BU2 = {Pp: + Pgs — PerPe21 lor Igo, Tei fps}; 

(3) (Ua)? = { Bos)? 51 - 1 Tps)? 1 = (1 = fips)? 5 


()D-Us = {1 (1 Bon)? Ton)? sim) } 


Definition 2.7. “Let U4, = {Pons lon: Ton} € SVNN (J) (h = 1,2,3,...,n). Then, the Algebraic averaging 
aggregation operator for SV NN (J) is denoted by SV NW A and defined as follows: 





SVNWA(Uy,U2,Us, Un) = SY >OnUn, 


a {1 - Wet (1 _ ee ’ We1 (Tals We ia” } 
where the weights of /;, represented by Dy, (A = 1,2,...,n) having Op, > 0 and ‘sae On = 1. 
Definition 2.8. “Let Up, = {Pons lon: Ron} € SVNN (J) (h = 1, 2,3,...,n). Then, the Algebraic geometric 
aggregation operator for SV NN (J) is denoted by SV NWG and defined as follows: 


SFWG (M1, U2, Us, ...,Un) = 


yn 


fr 1 (Pon) Pe aaa l= Me) LT bh we 
where O; (h = 1, 2, ...,n) represents the weights of U4, (h = 1, 2,3, ...,n) with Op, > Oand 07, On = 1. 
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Ashraf et al. introduced the sine trigonometric operational laws for single valued neutrosophic environ- 
ments. 


Definition 2.9. “Let U = {fo, To, fig} € SVNN (J). If 


as =| sin ($2), 1-H (fi 7.(D), ) peal 


then, sin (2) is said to be sine trigonometric operator and their value known to be sine trigonometric SVNN 
(ST-SVNN). 


ne), nt (Bp). 
Definition 2.10. “Let sin (U,) = 1—sin(Z1—"T,,), and sin (U2) = 1—sin (31 — Ter) : 
1 —sin ($1 —fig,) 1 —sin (41 — fig,) 


be two ST-SVNNs. The basic operations for SVNNs are as follows 
1~ (1 sin (FP) (1= sin (FP) 
(1) sin (1) ® sin (U2) = | (1—sin($1—"Ty,)) (A- a “hes 
(1 — sin (41 5 fies) (1 — sin ( aL ye ) 


? é 


Re ee 


2 


ae _ 1 (1—sin(®5,,))* ees! 

avin) = ( (1 sin (1 ~fig,))” "y 
sin (3pp,) Woo , 

(3) sin (4) ® sin (U2) = | 1— (sin ($1 —“Ty,)) (sin (4 


1 — (sin ($1 — fig, )) (sin (F 1 ma) 


j sin (2p, e — in (= lp 
ay oineay? = ( | (3Pp:))' .1-(s (31 — Tp ny 


1 — (sin (31 —fig,)) 


Definition 2.11. Let U = {f,, To,%o} € SV.NN (J). Then, the score and accuracy of U is denoted and 
defined as 

(1) 3 (U) = pp — Ip — tg, and 

(2) (U) = fp + 1p + tp. 


Definition 2.12. Let U1 = {fo,, 11, fo, } and Uz = {Pog Too, To.} € SVNN (J). Then, 
(1) If 5C(U1) < 5E(U2) then Uy < U2, 

(2) If 5e(U1) > 5E(U2) then U, > U2, 

(3) If 8¢(U,) = 3é(U2) then 


(a) aé(U1) < aé(U2) then Uy < Uo, 
(b) aé(U,) > Gé(U2) then Uy > Uo, 
(c) G@(Uy) = G@(Up) then Uy, = Up. 


3 Novel Sine Trigonometric Hybrid AOs for SVNNs 


This section propose the novel sine trigonometric hybrid AOs under SVN information. 
Definition 3.1. Let Un = {Po, (b), Ton (b) , 7p, (0) } € SVN (J) (h EN). The sine trigonometric hybrid 
weighted averaging AO for S'V NN (J) is represented by ST — SV NHW A and discribed as follows: 


ST — SVNHWA(U;,Uo,..,Un) = orsin (Ua) @ ogsin (Uira)) ® ... Baonsin (Ulyin)) 


Sonsin 26m): 


where the weights of U4, is represented by On (A = 1,2,...,n) having Oj, > 0 and 3>7_, On, = 1 and gth 
biggest weighted value is U//, (u (ny = MOnUy (nH) |h = 1,2, ..., n) consequently by total order (vu (1) , v (2) , uv (8),...,u ()). 


UV 


Also the associated weight vector o = on (h = 1,2,...,n) with on > 0 and Ya on 1. 


Theorem 3.2. Let Up, = {Pon (2), Ton (2), Mo, (b)} € SV NN (J) (h € N) and the weights of Up, represented 
by (01,02, -., at al subject to )~ Oj = 1. The ST — SV NHWA AO is defined by a mapping G’ —> G 
h=1 
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with associated weight vector on (h = 1,2,...,n) having on, > Oand Sy;_, on = 1: 


ST —-SVNHWA (Mi, Uo, ...,Un) = Yionsin( Usny) 
1 -T (1—sin(371,,,,))". 
= I (1-sin($1-They)) (1) 
TL (1 — sin (#1 —fim)) 


Proof. By using mathematical induction on n we prove Theorem[3.2| Then the mathematical induction steps 
below were implemented. 
Step-1: For n = 2, we obtained 


ST — SVNHWA (Uy,Us) = 01 sin (Ua) ® 02 sin (Ua) - 
Since by the eal sin (U,) and sin (U2) are SVNNs and hence a, sin (Ley) @ og sin (Uri2) 
is also SVNN. Further, for %, and U/2, we have 
ST —-SVNHWA (U1, U2) 
= o;sin (Uiay) ® o2 sin (uM, @)) 
O11 02 
oe eo 1- (1-sin (3%, is) ; 
O1 02 
= (1-sin (41-7 or 3 @} (1-sin (g1 — Thaw) ; 
O1 . o2 
(1 -sin (g1- itis) (1 -sin (41-6) 
a : ToT oR 
1- |] (1 sin (35...) : 
h=1 
2 on 
= Il (1 — sin (41 = Tham) ; 


h=1 


2 on 
- wT to f 
II (1 — sin (#1 _ a 





Step-2: Suppose that Equation|I]is holds for n = &, we have 





ST — SVNWA(U1,Uo, Uz) = I (1 sin (41 = “aw))” 
fh (0-9 (51 ))” 
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Step-3: Now we have to prove that Equation|I]is holds forn = «4 +1. 
ST —SVNHWA (U1, Up, ..Ue41) 


= > on sin (ui, ny) ® On41 8in (Usen+) 








K ae On 
= —gj nA) On+1 
! a (2 ‘i (5%, ) : 1- (1 —sin (5%, eal . : 
K . a On Ont 
= TT (1 — sin (g1- aren ia (1 sin (@1 ge ; 
Ee on (1 -sin (g1- 7 i 
II (1 — sin (5 1- Re, a 2 Pu(e+1) 
h=1 
K+1 on 
Day (1-sin FF.) 
K+1 - On 
= ee Tr 
= I (1 sin ($1 - Neal). 
K+1 . on 
i (1-sin ( 1- fy) 


that is, when n = z+ 1, Equation[I]also holds. 
Hence, Equation[I|holds for any n. The proof is completed. 














Next, we give some properties that are apparently carried by the proposed ST-SVNHWA aggregation 
operator. 


(1) Let Up = {Pon lon, to, } € SVNN (J) (h = 1, 2,3, ..., 2) such that U4, = U. Then 
ST — SVNHWA(U,Uo, ...,Un) = sin (UW). 


(2) Let Un, = {Pons Tons Ton } Up, = {min (Pon) » max (Ton) , Max (Re,)} and Un = {max (Pon) ) min (Ton) ’ min (fp, )} 
€ SVNN (J) (A= 1,2,3,...,2) . Then, 


sin (UU, ) < ST — SVNHWA (U1, Ud, ...,Un) < sin (Ut). 


(3) Let Uy, = Pon: Neste tle = Pens Wastin pC OVI @ GH 123, 0) ope Ss a 


TG, and ftp, < 7%, then 


ST —SVNHWA (Uy, Up, ...,Un) < ST — SVNHWA (UZ, UF, ...,U*). 


Definition 3.3. Let Up = {Po, (0), Ton (D) , Ro, (b)} € SV NN (J) (Rh EN). The sine trigonometric hybrid 
weighted geometric AO for SV N N (J) is represented by ST — SV NHWG and discribed as follows: 


(sm (Mn) @ (sin (Uin)) @...@ (sin (Un) )” 
II (sin (Um) 


h=1 


On 


I 


ST — SVNHWG (4, Wa, ..., Un) 


where the weights of U/;, is represented by On (h = 1,2,...,n) having Op, > 0 and 3>7_, On, = 1 and gth 

biggest weighted value is U//, (Urn = nodal, ny |h = 1, 2, «.., n) consequently by total order (vu (1) , v (2) , uv (3),...,u (m)). 
Also the associated weight vector ¢ = o7, (Rh = 1,2,...,n) with on > O and S77_, on = 1. 

Theorem 3.4. Let Up = {Po, (2), Toy (0), Mo, (b)} € SV NN (J) (h € N) and the weights of Up, represented 

by (01,02, -., op subject to > On = 1. The ST — SVNHWG AO is defined by a mapping G’ —> G 


with associated weight vector on (h = 1,2,...,n) having on > 0 and Per On=l: 


ST —-SVNHWG (U1,Uy,...,Un) = ea II (2 (“a )) 
Tl (si sin ($F am)) > 
= 1- TT (sin (g1- oe o 


n on 
1 TT (sin ($1 —M.m)) 
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Proof. By using mathematical induction on n we prove Theorem[3.4] Then the mathematical induction steps 
below were implemented. 
Step-1: For n = 2, we get 


02 


ST — SVNHWG (1,2) = (sin (Wi) ® (sin (Ui) 


Since by the DetnonP sin (4,) and sin (U2) are SFNs and hence (sin (uray) ) 1 Q (sin (U2) ) o2 
is also SVNN. Further, for %, and U2, we have 

ST —-SVNHWG (,U2) 

O1 02 
= (sin (uia))) ® (sin (Ur) 
: ~~ 71 ‘ gy O14 

sin (F%.0)) (sin (FF) 

O1 O1 


sin($1-h)) » |@] 1-(sin($1-%,)) > 





9u(1) 


5 TT ~f ae E T beat ga 
1- (sin (41-%,,.,)) 1- (sin (F1-m,., ) 


2 on 
{a7 
IT (sin (3 bam) 


~~ 


2 on 
= | 1-11 (sin($1- 7h.) 
2 on 
ae (sin ($1-7%,.,.)) 


h=1 
K On 
ST — SVNHWG (Uy,Us, Ug) = | 1 TD (sin($1- Th) 
K on 
Tv oa f 
ome sin (41 Dns) 


Step-3: Now we have to prove that Equation|2|is holds forn = «4+ 1. 
ST —SVNHWG (1, Ub, ..Uc41) 


ed _ on a Fr+1 
= Il (sin (Urn) @ (sin (Use41)) 

A=1 
(32, is) , , : ined Pett 
(sin(FPuin)) 3 


ss ee + : T ! Cesk 
QQ Ea) ) es) See (sin (41 ~ ee) ) 


On4+1 


amr) 
o~ 
ae 
=) 


> 
Il 
an 


> 
Il 
fn 


II 
= 
| 
am 
” ae 
2) 
5 


o : ~ 
(sin (g1-14,,,,))” t= (sin ($1 Mca 


‘ | 
oy 
tio ios 
i. 
Dn 
ie 
=) 


lI 
_ 
| 
= 
—~ 
e 
p 


+ II 


that is, when n = z+ 1, Equation[2]also holds. 
Hence, Equation|2|holds for any n. The proof is completed. 














Next, we give some properties that are apparently carried by the proposed ST-SVNHWG aggregation 


operator. 
(1) Let Un = {Pon, lon, to, } € SVNN (J) (Ah = 1, 2,3, ...,) such that Us, = U. Then 


ST — SVNHWG (Uy, Uo, ...,Un) = sin (U). 


Doi :10.5281/zenodo.3958076 66 


International Journal of Neutrosophic Science (IJNS) Vol. 9, No. 2, PP. 60-73, 2020 





(2) Let Up, = {Pons Tons Tron } Up, = {min (Pon) » max (Ton) , Max (Re, )} and Un = {max (Pon) ) min (Ton) ’ min (Rp,)} 
€ SVNN (J) (A= 1,2,3,...,72) . Then, 


sin (U,) < ST — SVNHWG (Uy,Uo, ...,Un) < sin (Uj). 


(3) Let, = 1 Opus lens Ope balls = {Pes ner) COV NN On 12,3. 268) cll ppg < Po Ipy S 


* ~ ~ 
Ty, and nip, < 7s, , then 


ST — SVNHWG (Uy, Ug, ...,Un) < ST — SVNHWG (U3,,Uf, ...,UT). 


4 Decision Making Algorithm 


This section describes a decision-making algorithm to address the uncertainty of decision-making problems 
(DMPs) in the SVN environment, supported by an illustrative example. The following notions are utilized 
to tackle the MCDM situations having SVN information. Suppose that {), Jo, ...,J,} is a universal set and 
{ri, 72,13, ---; Tn} is the universe of attributes. Assume D = {01, 02, ...,On} isa weigh-vector with Oy, € (0, 1] 


such that }> Op, = 1. Consider D™*) = (x4)? is a single valued nuetrosophic decision-matrix, which 
h=1 kxn 


represents the membership values evaluated by the experts. 
We construct an algorithmic method to handle MCDM problems by proposed aggregation operators. The 
algorithm includes steps below: 


Step-1 Summarize the values of each alternative in term of decision matrix D(*) = (uf?) with SVNNs. 
nmxm 


Step-2 Construct the normalized decision matrix P = (p;;) from D = (U4j;) , where p,; is calculated as 
(pij, lij, cj) If criteria are benefit type 
Dig = (3) 


(73, liz, Piz) Uf criteria are cost type 


Step-3 If the attribute weights are known as a prior then utilize them. Otherwise, we compute them by utilizing 
the concept of the entropy measure. For it, the information entropy of criteria t; is computed as 


1 + 3 (Pre log (Pps) + Teas log (Tis) + Reig log (7ip.;)) 





En; = m nm 
> (1 + z > Pegi; log (Peis) + Tp;; log (Tpi;) + ftg,,; log (.,)) 


j=l 


Step-4 Using proposed aggregation operators defined in Theorem[3.2]&[3.4]and attributes weight vector, the 
aggregated single valued neutrosophic numbers of the each alternative {U/,, U2, U3, ..., UU, } are obtained. 


Step-6 Evaluate the scores values 5¢ (U;,) using the Definition of collective spherical fuzzy numbers 
Uy, (A = 1,2,...,) and rank using the Definition according the maximum score values. 


Step-6 Select the optimal alternative according the maximum score value or accuracy degree. 


5 Application Decision Making Algorithm 


In this segment, the numerical implementation of agricultural land selection is used to demonstrate the MCDM 
methodology developed. 


5.1 Practical case study 


Agriculture is an important component of the Economic System of Pakistan. This area directly supports the 
population of the country and accounts for 26% of gross domestic product (GDP). The major agricultural 
crops are sugarcane, wheat , rice, cotton, vegetables and fruit. A businessman wants to invest in the agriculture 
sector and to look for appropriate land. The options in his brain are Y;, V2, V3, Y4 and Ys. He consults to an 
expert to get his suggestion about the alternatives based on the following desired parameters: 
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(1) Location (71) , 

(2) Climate (r2) , 

(3) Fertility (r3) , 

(4) Price (r4) and 

(5) Water Availability (75) . 
The expert was asked to use SVN data in this assessment and weights of the attributes are (0.15, 0.28, 0.20, 0.22, 0.15). 

The expert’s findings are summarized in Table-1: 


Table-2.: ce Information 


rT. T2 T4 
yy (0.5,0.3,0.4) (0.3,0.2,0.5) (0. 2 0.2,0.6) (0.4, 0.2, 0. 3) (0.3, 0.3, 0.4) 
Di= yy (0.7,0.1,0.3) (0.3,0.2,0.7) (0.6,0.3,0.2) (0.2,0.4,0.6) (0.7, 0.1, 0.2) 
3 (0.5,0.3,0.4) (0.4,0.2,0.6) (0.6,0.1,0.2) (0.3,0.1,0.5) (0.6, 0.4, 0.3) 
Vs (0.7,0.3,0.2) (0.2,0.2,0.7) (0.4,0.5,0.2) (0.2,0.2,0.5) (0.4, 0.5, 0.4) 
ys (0.4,0.1,0.3) (0.2,0.1,0.5) (0.4,0.1,0.5) (0.6,0.3,0.4) (0.3, 0.2, 0.4) 


Step-2 The r,,73 & rs are benefits type and rg & r4 are cost type criteria. According to defined formula[3] 
the normalized decision matrix is summarized in Table-2: 


yy (0.5,03,04) 
=), (0.7, 0.1, 0.3) 
V3 (0.5, 0.3, 0.4) 
Vs (0.7, 0.3, 0.2) 
V5 (0.4, 0.1, 0.3) 


Table-2.: 


5,0.2,03) 

) 
6,0.2,0.4) 
.2) 
) 


5,0.1,0.2 


3 
0.2, 0.2, 0.6 
0.6, 0.3, 0.2 
0.6, 0.1, 0.2 
0.4, 0.5, 0.2 
0.4, 0.1, 0.5 





) 
) 
) 
) 
) 


Normalized Information 


T4 


(0.3, 0.2, 04 


j 
(0. ) 
(0.5, 0.1, 0.3) 
(0. ) 
(0.4, 0.3, 0.6) 


(0.3, 0.3, 0.4 
(0.7, 0.1, 0.2 
(0.6, 0.4, 0.3 
(0.4, 0.5, 0.4 
(0 


) 
) 
) 
) 
3, 0.2, 0.4) 


Step-3 The Expert provides the following parameters weights 


kK = {k, = 0.15, kg = 0.28, k3 = 0.20, h4 = 0.22, K5 = 0.15} 


Step-4 In this step, we used proposed AOp namely, ST-SVHWA and ST-SVHWG to aggregate the single 
valued neutrosophic information as follows: 


Firstly, we find out the weighted matrix shown in Table-3: 


Table-3.: (nOnUa (ny |h = 1,25 03 n) 
(0.60, 0.09,0.14)  (0.8,0.004,0.01) (0.30,0.02,0.17) (0.48,0.01,0.06) (0.36, 0.09, 0.14) 
(0.81, 0.01,0.09)  (0.9,0.004,0.01)  (0.80,0.04,0.02)  (0.83,0.06,0.01) (0.81, 0.01, 0.05) 
(0.60, 0.09,0.14)  (0.9,0.004,0.02) (0.8,0.004,0.02) (0.7,0.002,0.03) (0.71, 0.14, 0.09) 
(0.81, 0.09,0.05)  (0.9,0.004,0.004) (0.58,0.12,0.02) (0.74,0.01,0.01) (0.48, 0.20, 0.14) 
(0.48, 0.01,0.09)  (0.8,0.005,0.04)  (0.5,0.004,0.12)  (0.62,0.03,0.14) (0.36, 0.05, 0.14) 
Table-4.: Corresponding Score Values 
(0.3557) (0.8037) (0.1144) (0.4113) (0.1187) 
(0.6943) (0.9380) (0.7444) (0.7634) (0.7384) 
(0.3557) (0.8687) (0.7840) (0.7052) (0.4650) 
(0.6601) (0.9467) (0.4454) (0.7140) (0.1296) 
(0.3696) (0.8160) (0.4603) (0.4433) (0.1628) 
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Now, according to the score values, the (iy ra (al le ee 


Table-5.: (U'¢q) 1h = 1,2,.-.7) 


; n) values are shows as follows: 

































































Ui11) = Uj2 = (0.5, 0.2, 0.3) Us(12) = Uj4 = (0.3, 0.2, 0.4) Ui (13) = Uy, = (0.5, 0.3, 0.4) 
Ui (14) = Uj5 = (0.3, 0.3, 0.4) Us15) = = U3 = (0.2, 0.2, 0.6) 
Ui (21) = U2 = (0.7, 0.2, 0.3) Ui(22) = = Uo4 = (0.6, 0.4, 0.2) Ui (23) = U3 = (0.6, 0.3, 0.2) 
Ui (24) = Uo5 = (0.7, 0.1, 0.2) Ui25) = = Up; = (0.7, 0.1, 0.3) 
Ui(31) = Us = (0.6, 0.2, 0.4) U(32) = U33 = (0.6,0.1,0.2) Ul 44. =Uga = (0.5, 0.1, 0.3) 
Ui (34) =Us5 = (0.6, 0.4, 0.3) Ui(35) = = Us, = (0.5, 0.3, 0.4) 
Ui41) = Uy = (0.7, 0.2, 0.2) U(42) = = Usa = (0.5,0.2,0.2) Ul 45) =Uai = (0.7, 0.3, 0.2) 
U4) = U4 = (0.4, 0.5, 0.2) Ui45) = = U45 = (0.4, 0.5, 0.2) 
i if / 
Y51) = Us2 = (0.5, 0.1, 0.2) U.(52) = = Us3 = (0.4, 0.1, 0.5) U.(53) = Us4 = (0.4, 0.3, 0.6) 
Ui (54) = Us, = (0.4, 0.1, 0.3) Uiis5) = = Us5 = (0.3, 0.2, 0.4) 
Aggregated information of the alternatives are calculated in Table-6 as follows: 
Table-6.: Aggregated Information 
ST-—SVNHWA ST—-SVNHWG 
Yi (0.54515, 0.02797, 0.08164) (0.50042, 0.03039, 0.08899) 
Y2 ~~ (0.85733, 0.02063, 0.02539) (0.85066, 0.03635, 0.02741) 
Y3 (0.77818, 0.01567, 0.04227) (0.77177, 0.02991, 0.04829) 
V1 (0.76483, 0.04584, 0.02450) (0.71602, 0.06397, 0.02901) 
Ys (0.59151, 0.00952, 0.07508) (0.58134, 0.01529, 0.09549) 
Step-6 Score value of the aggregated alternatives are calculated in Table-7: 
Table-7.: Score Values 
8E(Vi) SE (Yo) 8E (Ys) 8E(Ya)__ 8E (V5) 
ST—SVNHWA_ 0.43553 0.81130 0.72023 0.69448 0.50690 
ST—SVNHWG 0.38103 0.78688 0.69357 0.62302 0.47055 
Step-7 Ranking of the alternatives are shown in Table-8: 
Table-8.: Ranking 
Score Ranking Best Alternative 
ST—SVNHWA_ &é (V2) > SE (V3) > SC (V4) > $é (V5) > 5é (Vi) V2 
ST—SVNHWG sé (V2) > Sé (V3) > $¢ (V4) > Sé (Vs) > Sé (Vi) ny) 


5.2 





From this above computational process, we can conclude that the alternative yj is the best among the 
others and hence it is highly recommendable to select for the required task/plan. 


Comparison Study 


In the section, we include some appropriate examples to demonstrate the feasibility and efficacy of the estab- 
lished decision-making approach and make a comparison with etl ae Here, we presented the dif- 


ferent sae aggregated information of the SVNNs namely, SVNWA} 
SVNHWA}! 


33) svNowa £3 NWA! svNFWAL! 
L-SVNWA!2IL-SVNOWA!2 ST-SVNWA“ and ST- SVNWG4in Table- 9, 10 and 11: 


Table-9: Aggregated Information 














SVNWA=) SVNOWA=) NWA“! SVNFEWALI 
Vz || (0.37, 0.22, 0.40) |] (0.38, 0.24, 0.40) || (0.37, 0.23, 0.42) || (0.37, 0.22, 0.40) 
Y2 || (0.66, 0.20, 0.23) |} (0.66, 0.18, 0.24) || (0.66, 0.24, 0.24) |] (0.66, 0.20, 0.23) 
yz, || (0.56, 0.17, 0.31) |} (0.55,0.18,0.31) || (0.56, 0.21, 0.32) || (0.56, 0.17, 0.31) 
Vs || (0.57, 0.29, 0.22) |} (0.57, 0.31, 0.22) || (0.57, 0.33, 0.23) || (0.56, 0.29, 0.22) 
ys || (0.41,0.14,0.36) |} (0.39, 0.13, 0.36) || (0.41, 0.16, 0.41) |] (0.41, 0.14, 0.36) 
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Table-10: Aggregated Information 


















































SVNHWA22y = 2 || SVNHWAZ2y = 3 || L-SVNWA™ L-SVNOWA™ 
Yi || (0.37, 0.22, 0.40) (0.36, 0.22,0.40) |] (0.31, 0.17, 0.35) || (0.32, 0.19, 0.36) 
Y2 || (0.66, 0.20, 0.23) (0.66, 0.20, 0.23) |} (0.64, 0.19, 0.23) || (0.65, 0.17, 0.23) 
yz || (0.56, 0.17, 0.31) (0.56,0.18,0.31) |} (0.49,0.17, 0.33) |] (0.48, 0.18, 0.33) 
Vs || (0.56, 0.29, 0.22) (0.56, 0.30, 0.22) |} (0.55, 0.27,0.19) |] (0.55, 0.29, 0.19) 
ys || (0.41, 0.14, 0.36) (0.41,0.14,0.37) |} (0.28, 0.12, 0.37) |] (0.24, 0.12, 0.38) 
Table-11: Aggregated Information 

ST-SVNWAL ST-SVNWAZ) 

Yi || (0.56, 0.02, 0.07) || (0.50, 0.02, 0.08) 

Y2 || (0.86, 0.02, 0.02) || (0.85, 0.03, 0.03) 

y3 || (0.77,0.01,0.04) || (0.76, 0.02, 0.05) 

yx || (0.78,0.04,0.02) || (0.73, 0.06, 0.02) 

ys || (0.60,0.009, 0.06) || (0.59, 0.01, 0.08) 





























Also, their corresponding ranking are calculated in Table-12: 


Table-12: Ranking 






















































































Existing Operators Ranking Best Alternative 
NWA") V2 > V3 > >Vs>Vi yp 
SVNWA23I V2 > V3 > Vs >Vs>Vi yp 
SVNOWA=" Yo > V3 > > Vs >N Vp 
SVNWG= Yo > V3 > Vs > Vs >i Vp 
SVNOWG= Yo > V3 > > Vs >N Vp 
SVNFWALEI V2 > V3 > Vs > Vs >i yp 

SVNHWA=2+ =2 || Ve>¥s3>V>Vs > VN y2 

SVNHWA=2|+ =3 || Ve> se >M>VM > VN y2 
NwG®! V2 > V3 > Vs > V5 >V ye 
SVNFWGl Yo > V3 > Vs > Vs >i Vp 

SVNHWG22 =2 || Vo>3>V>yVs>vM y2 

SVNHWG=2¥ =3 || Voa>3>V>yvs>vM y2 
SNWEA“4 V2 > V3 > Vs > Vs > Ni Vp 
L-SVNWA™ Yo > Vi > V3 > Vs >i yp 
L-SVNOWA™ || V2 > Ya > V3 > Vs > Vp 
L-SVNWG™ V2 > Vs > V3 > Vi > Vs V2 

L-SVNOWG"! [12> 3 > 01> 5 >i Vp 
L-SVNWA“! V2 > Ws > V3 >Vs > Vi Vp 
L-SVNWG# Yo > V3 > Vs > Vs > Vi Vp 
L-SVNOWAZ || 2 > Ws > V3 > V5 > Vp 
L-SVNOWG! || 2 > 3 > a > Vs > Vp 

Table-9.: Overall ranking of the alternatives 

Proposed Operators Ranking Best Alternative 
L-SVNHWA 2 > V3 > Va > V5 > Vi v2 
L-SVNHWG V2 > V3 > Vs > Vs > ye 











It is evident that the above conversation confirms the effectiveness and applicability of the proposed 
decision-making methodology based on new sine trigonometric aggregation operators under SVN environ- 
ments. 


6 Conclusion 


Due to the existence of multiple attributes/criteria in many real-world problems, classical MCDM methods are 
not useful to tackle complicated decision-making situations. To overcome the difficulties of existing models, 
we have combined SVNSs with sine trigonometric AOs. 
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In this article, we have discussed MCDM issues based on single valued neutrosophic information. Mo- 
tivated by sine trigonometric function based operational laws, we have proposed different AOs, namely, ST- 
SVNHWA and ST-SVNHWG aggregation operators. We have investigated different features of these oper- 
ators. We have employed these AOs to enlarged the applicability scope of MCDM. We have given real-life 
application for the selection of best agricultural land for best investment. At the end, we have provided a com- 
parison of developed AOs with existing aggregation techniques in the literatures and authenticate the proposed 
strategy by effectiveness comparison study. In the future, we are extending our work in interval valued single 
valued neutrosophic environment. 
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Abstract 


The aim of this paper is to define and study for the first time AH-substructures in n-refined neutrosophic vector 
spaces such as weak/strong AH-subspaces, and weak/strong AH-linear transformations between two n-refined 
neutrosophic vector spaces. Also, this paper introduces some elementary properties of these concepts. 
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1. Introduction 
Neutrosophy as a new kind of logic, concerns with nature, origin, and scope of neutralities became a rich material in 


algebra. Many algebraic structures have been defined and handled such as neutrosophic rings, neutrosophic 
modules, and neutrosophic vector spaces. See [8,9,10,11,12,14]. More generalizations came to light such as refined 
neutrosophic rings, n-refined neutrosophic rings, and n-refined neutrosophic vector spaces. See [3,5,6,7,15, 16]. 


AH-substructures were defined for the first time in neutrosophic rings [1]. Then they were defined in n-refined 
neutrosophic rings, and neutrosophic vector spaces in [2,4]. AH-structures consist of similar objects, each object 
has the same structure. For example in a neutrosophic vector space V(J) = V + VI, AH-subspace is a non empty 
subset with form T = M + NI, where M,N are two classical subspaces in V. Also, AHS-linear transformations were 
defined by similar aspect [4]. AH-substructures illustrate a bridge between neutrosophic structures and classical 
algebraic structures and help us to use classical methods in neutrosophical studies. 


This article defines some AH-substructures in n-refined neutrosophic vector spaces. Concepts such as AH- 
subspaces, and AH-linear transformations. Also, it presents some interesting properties and theorems concerning 
these concepts. 


2. Preliminaries 


Definition 2.1: [15] 


Let (R, +, x) be a ring and [,; 1 < k < n be n indeterminacies. We define R,(D={a) + ay] +--+ ayl,; a; © R} to 
be n-refined neutrosophic ring. 


Definition 2.2: [15] 
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(a) Let R,,(1) be an n-refined neutrosophic ring and P = )}7_9 Pil, = { dg + ay] +++ + Ayn: a; € P;}, where P; isa 
subset of R, we define P to be an AH-subring if P; is a subring of R for all i . AHS-subring is defined by the 
condition P; = P for alli, /j. 


(b) P is an AH-ideal if P; are two sided ideals of R for all i, the AHS-ideal is defined by the condition P; = P; for all 
i,j. 
Definition 2.3 :[8] 


Let ( V, +, .) be a vector space over the field K then (V(I),+,.) is called a weak neutrosophic vector space over the 
field K, and it is called a strong neutrosophic vector space if it is a vector space over the neutrosophic field K(I). 


Definition 2.4 : [8] 


Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(1) and W() be a non empty set of V(J), 
then W(I) is called a strong neutrosophic subspace if W(I) is itself a strong neutrosophic vector space. 


Definition 2.5: [14] 


Let (K, +, .) be a field, we say that K,(7) = K + KI, +--+ KI, = {a9 + ay], +++ + Anly; a; € K} is an n-refined 
neutrosophic field. 


It is clear that K,(/) is an n-refined neutrosophic ring but not a field in classical meaning. 
Definition 2.6 : [14] 


Let (V, +, .) be a vector space over the field K. Then we say that V,d) =V +VI, +--+ VI, = {x9 +24], +++ 
Xnly; x; € V} is a weak n-refined neutrosophic vector space over the field K. Elements of V,,(/) are called n-refined 
neutrosophic vectors, elements of K are called scalars. 


If we take scalars from the n-refined neutrosophic field K,,(/), we say that V,,(/) is a strong n-refined neutrosophic 
vector space over the n-refined neutrosophic field K,(/). Elements of K,,(/) are called n-refined neutrosophic 
scalars. 


Definition 2.7: [14] 


Let V,, (1) be a weak n-refined neutrosophic vector space over the field K, a nonempty subset W,,(/) is called a weak 
n-refined neutrosophic subspace of V, (J) if W, (J) is a subspace of V,, (/) itself. 


Definition 2.8: [14] 


Let V,,(/) be a strong n-refined neutrosophic vector space over the n-refined neutrosophic field K,,(/), a nonempty 
subset W, (/) is called a strong n-refined neutrosophic subspace of V,,(/) if W,,(/) is a submodule of V, (/) itself. 


Definition 2.9: [4] 

Let V(I) = V+VI be a strong/weak neutrosophic vector space, the set 

S=P+4+QI = {x +yl;x € P,y € Q}, where P and Qare subspaces of V is called an AH-subspace of V(I). 
If P = Q then S is called an AHS-subspace of V(I). 


Definition 2.10: [4] 
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(a) Let V and W be two vector spaces, Ly: V — W be a linear transformation. The AHS-linear transformation can be 
defined as follows: 


L:VU) ~> WW); L(a +t bl) = Ly(a) + Ly). 

(b) IfS = P+ QI is an AH-subspace of V(I), L(S) = Ly(P) + Ly (Q)I. 
3. Main discussion 

Definition 3.1: 


Let (V,+,.) be a vector space over a field K, V,,(J) be the corresponding weak n-refined neutrosophic vector space 
over K. Consider the set {M,;;0 <i < n}, where M; is a subspace of V. We say: 


M,C) = Mo + Mh, +++ MylIn = {My + my, + + MyIns mM; € Mj} is a weak n-refined AH-subspace of the 
weak n-refined vector space V,, (/). 


We say that M,,(/) is a weak n-refined AH-subspace if M; = Mj for alli, j. 
Definition 3.2: 


Let (V, +, .) be a vector space over a field K, V,(/) be the corresponding strong n-refined neutrosophic vector space 
over the n-refined neutrosophic field K,,(/). Consider the set {M;;0 < i < n}, where M, is a subspace of V. We say: 


M,C) = My + Mil, ++ Myln = (Mp9 + mh, +++ Myly; m; € M;} is a strong n-refined AH-subspace of the 
strong n-refined vector space V,, (/). 


We say that M,,(/) is a strong n-refined AH-subspace if M; = M;, for alli, j. 
Theorem 3.3: 


Let (V, +, .) be a vector space over a field K, V;, (J) be the corresponding weak n-refined neutrosophic vector space 
over K, M, (1) = My + My, +--+ + MyI, be a weak n-refined AH-subspace. Then 


(a) M,,(/) is a vector subspace of V,,(/). 

(b) If X; is a bases of M;, X = Urig Xi/; is a bases of M, (1). 
(c) dim(M, (1)) = Zio dim(M,). 

Proof: 


a) Letx = Lp ails y = NL, Dili; bj, a; € M; be two arbitrary elements in M,,(/), r be an arbitrary element in K, 
t=0 y t=0 
we have: 


x+y = Y2,(a; + I; € M,C), since a; + b; € M; because M; is a subspace of V. 
r.x = YE oral; € M,(/), since ra; € M; because M; is a subspace of V. Thus M,,(/) is a vector subspace of V, (J). 


(b) Suppose that X) = ee sv ay xX, = ee ae mf a Ay = fx, ates x0}, let x = YL, aj]; be an 


Sn 


arbitrary element of M,,(/), since X; is a basis of M; for all i. We can write: 
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a; = vi a ae t; €K,sox = yr ae a + nn a ae Ba pHa oe ee . This implies that X is a 


generating set of M,,(/). 


Now we prove that X is linearly independent. For our purpose we assume 


Diner pe ae er, u” ae ie es Sf ie a0 = 0, by definition of n-refined vector space we find 


ages ee a for all 1, hence eo = 0 for all i,j, since each X; is linearly independent itself. Thus our proof is 


complete. 
(c) It holds directly from (b). 
Example 3.4: 


Let V = R? be a vector space over the field R, V.(/) = R3(1) = {(ao, bo) + (ay, by), + (Ao, bz) In; aj, bj € R} be 
the corresponding weak 2-refined neutrosophic vector space over the field R, we have: 


(a) M =< (1,0) >= {(m, 0);m € R}, N =< (0,1) >= {(0,n);n € R} are two subspaces of V = R?. 
(b)T =M+NI,+ MI, = {(m,0) + (0,n)I, + (s,0)lz; m,n, s € R} is a weak AH-subspace of V2(/). 
(c) The set X = {(1,0), (0,1)/,, (1,0)/,} is a bases of T, dim(T) = dim(M) + dim(V) + dim(M) = 3. 
(d)D=N+NI,+NIy = {(0,a) + (0, b)I, + (0,c)Ig; a,b,c € R} is a weak AHS-subspace. 
Theorem 3.5: 


Let V be a vector space with dim(V) = n + 1. Then V is isomorphic to a weak AHS-subspace of the corresponding 
weak n-refined neutrosophic vector space. 


Proof: 


Let M be any one dimensional subspace of V, T = M + MI, + ++: + MI, is a weak AHS-subspace of the weak n- 
refined neutrosophic vector space V,,(/). As a result of Theorem 3.3 , we find dim(T) = n+ 1 = dim(V), thus V is 
isomorphic to T. 


Example 3.6: 


Let V = R® bea vector space over the field R, V3(I) = {a + bl, + cl, + dl3;.a,b,c,d € V} is the corresponding 
weak 3-refined neutrosophic vector space, M =< (1,0,0) > is a subspace of V. 


T =M+MI,+MI, = {(a,0,0) + (b, 0,0)/, + (c, 0,0); a,b,c € R} is a weak AHS-subspace of V3(/) with 
dim(T) = 3, this implies T = V. 


Theorem 3.7: 


Let (V, +, .) be a vector space over a field K, V, (1) be the corresponding strong n-refined neutrosophic vector space 
over the n-refined neutrosophic field K,(/), Mn) =M+MI, +-:-+MI, be a strong n-refined AHS-subspace. 
Then: 


(a) M,, (J) is a submodule of V, (J). 
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(b) If Y is a bases of M, X = UjL, Y]; is a bases of M, (1). 
(c) dim(M,,(1)) = Ly dim(M) = n. dim(M). 
Proof: 


(a) Let x = Mig Gili, V = Meo Dili; Dj, a; € M; be two arbitrary elements in M,,(/), r = Miko 7/; be an arbitrary 
element in K,,(/), we have: 


x+y = Vr o(a; + bi); € Mp CD, since a; + b; € M; because M; is a subspace of V. 


r.x = Vij=0Tiajlilj € M,(1), since r,a; € M because M is a subspace of V. Thus M,,(/) is a vector subspace of 
Yi. 


(b),(c) They are similar to that of Theorem 3.5 . 

Remark 3.8: 

If V,,(/) is a strong n-refined neutrosophic vector space over the n-refined neutrosophic field K, (J), and 

M,() = My + Myl, +++: + MyIp is a strong n-refined AH-subspace, then it is not supposed to be a submodule. 
We clarify it by the following example. 

Example 3.9: 


Let V = R? be a vector space over R, V2(/) = R3(/) = {(a,b) + (c,d), + (e, fn; a, b,c, d,e, f € R} be the 
corresponding strong 2-refined neutrosophic vector space over the neutrosophic field R2(/). 


M =< 0,1 >,N =< (1,0) > are two subspaces of V, T = M + NI, + NI, is a strong AH-subspace of V2 (/). 
x = (0,1) + (2,0), + (1,0) ET, r=141.1, +11, €R(N, 


rx = 1.101) +1.00,.D i, +1.00,1)y + 1.(2,0)1, + 1. (2,01, + 1. (1,0)1,f54+1. (0, Ip + 1. (2,0), ln + 
1.(2,0)Iply = (0,1) + [(0,1) + (2,0) + (1,0) + (2,0) ]/, + [(0,1) + (0,1) + (2,0) ]/,= 


(0,1) + (5,1) 1, + (2,2), , r.x does not belong to T, thus T is not a submodule. 

Definition 3.10: 

Let V,, (1) be a weak/strong n-refined neutrosophic vector space, M, (J) = My + My, ++: + Myln, 
WC) = Wo + Wil, + ++: + WL, be two weak/strong AH-subspaces of V,, (1), we define: 

(a) Mn (1) NW) = (My NW) + (My NW) Ey + + Mn Wy n- 

(b) M,Z) + Wa) = (Mo + Wo) + (My + Wa) Fo + Mn + Wan: 

Theorem 3.11: 

Let V,, (1) be a weak n-refined neutrosophic vector space, M, (1) = My + M1, +++ Myln, 


WC) = Wo + Wil, + +++ + WL, be two weak AH-subspaces of V,, (J). Then: 
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M,,U) 9 W,, CZ), M,C) + W,,C) are two weak AH-subspaces of V, (/). 

Proof: 

Since M; N W;, M; + W; are subspaces of V for all i, we obtain the proof. 
Theorem 3.12: 

Let V, (J) be a strong n-refined neutrosophic vector space, M,(J) = My + Myl, +--+ Maly, 
W, CW) = Wo + Wil, +++: + Waln be two strong AH-subspaces of Vj, (1). Then: 
(a) M, (1) N W,,(/) is a strong AH-subspaces of V,(/). 

(b) M, (J) + W,,() is not supposed to be a strong AH-subspace of V, (I). 
Proof: 

The proof is similar to that of Theorem 3.11 . 

Definition 3.13: 


Let V,W be two vector spaces over the field K, fi: V2>W;0<i<n+1 be n+1 linear transformations, 
V, 1), W,, (1) be the corresponding weak n-refined neutrosophic vector spaces over the field K respectively. We say: 


(a) f:Yyd) > WC); f Qixo Gili) = fo(@o) + fila +++ frlQ@nUn = Lixo fi(ai) li is a weak AH-linear 
transformation. 


(b) If f; = fj for all i,j, we call f a weak AHS-linear transformation. 
Example 3.14: 


(a) Let V = R?,W = R? be two vector spaces over the field R, V1) = R3() = { (%, 020) + Op yp Z Dh + 
(x2, 2) Z2)Ip; Xis Vis Zi € R}, 


WC) = {%o, Yo) + OVD + (2, Yolo; x,y; € R} be the corresponding weak 2-refined neutrosophic vector 
spaces. We have g:V > W; g(a,b,c) = (b,c), h: V > W;h(a,b,c) = (24,0) 


s:V > W;s(a,b,c) = (2b, 3c) are three linear transformations. 


(b) f:VaCZ) — WLU); f(m + nh, + qin) = g(m) + h(n), + s(q)lz; m,n,q € V is a weak AH-linear 
transformation. 


(c) We clarify f as follows: 
x = (1,2,2) + (1,0,1)), + (3,-1,0)h € V2), 
f(x) = g(1.2,2) + [hC,0,1)], + [sG, -1,0)] 2 = (2,2) + (2,0), + (2,0). 


(d) k:V,) ~ WLC); k(m + nl, + ql.) = g(m) +. g(n), +. g(q)lz;m,n,q € V is a weak AHS-linear 
transformation. 


Definition 3.15: 
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Let V,W be two vector spaces over the field K, fi: V27W;0<i<n+1 be n+1 linear transformations, 
V,, U1), WC) be the corresponding strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field 
K,,(/) respectively. We say: 


(a) f:Vyd) > Was f Wize Gili) = fo(@o) + fila +++ + frlQnUn = Lixo fi(ai)/; is a strong AH-linear 
transformation. 


(b) If f; = fj for alli, j, we call f a strong AHS-linear transformation. 
Example 3.16: 


(a) Let V = R?,W = R? be two vector spaces over the field R, V>(J) = R31) = {(Xo, VoZ0) + (%1) V1 24), + 
(X2, V2. Z2)Io; Xp Vir Zi E R}, 


WiC) = {(%, Vo) + OY + (%2, V2 Io; xiv; € R} be the corresponding strong 2-refined neutrosophic vector 
spaces over the 2-refined neutrosophic field R,(I). We have g:V > W; g(a,b,c) = (b,c), h:V > W;h(a,b,c) = 
(2a,0), 


s:V > W; s(a,b,c) = (2b, 3c) are three linear transformations. 


(b) f:VidZ) — WLC); f(m + nl, + ql.) = g(m) +h), + s(q)lz;m,n,q € V is a strong AH-linear 
transformation. 


(c) We clarify f as follows: 
x = (1,2,2) + (1,0,1)/, + (3,-1,0), € V2C), 
f(x) = g(1,2,2) + [hC,0,1)], + [s(3, -1,0)] Jp = (2,2) + (2,0)1, + (—2,0) hp. 


(d) k:V,() — WC); k(m + nl, + qin) = g(m) + g(n), + g(q)lz; m,n, q € V is a strong AHS-linear 
transformation. 


Definition 3.17: 
Let VY, 7), W,, (1) be two weak/strong n-refined neutrosophic vector spaces, 


£:VYW) > WWD: f ike Gili) = foldo) + filanh +++ frlQnUn = Vito fi(ai)l; be a weak/strong AH-linear 
transformation. We define: 


(a) AH — Ker(f) = Ker(fo) + Kerf, +--+ Ker(fin- 
(b) AH — Im(f) = Im(fo) + IMG + + IMF hn- 
Theorem 3.18: 


Let V,, 7), W,, (1) be two weak n-refined neutrosophic vector spaces, 


£:VyW) > Wa); f ike Gili) = foldo) + filadh +++ frlQnUn = Lito fi(ai)l; be a weak AH-linear 
transformation. Then: 


(a) AH — Ker(f) is a weak AH-subspace of V,, (/). 


(b) AH — Im(f) is a weak AH-subspace of W,,(/). 
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(c) If M,C) = My + My, + +++ + MI, is a weak AH-subspace of V,, (1), f(M,()) is a weak AH-subspace of 
W, (1). 


Proof: 
(a) Since Ker({;) is a subspace of V, we find that 
AH — Ker(f) = Ker(fo) + Ker(f)l, +++ + Ker(fn)ly is a weak AH-subspace of V, (J). 


(b) Since Im(f;) is a subspace of W, we find that AH — Im(f) = Im(fo) + Im(f,) I, +--+ + IMG) In is a weak 
AH-subspace of W, (J). 


(c) It is known that f;(M;) is a subspace of W, hence 

f(Mn(1)) = fo(Mo) + (Mh + + fan(Mn)n is a weak AH-subspace of W,, (I). 

Theorem 3.19: 

Let V, (J), W,, (J) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K,,(/), 


£:VyW > Wa): f ike Gili) = foldo) + filadh +--+ frlQnUn = Vito fi(ai)I; be a strong AH-linear 
transformation. Then: 


(a) AH — Ker(f) is a strong AH-subspace of V,,(/). 
(b) AH — Im(f) is a strong AH-subspace of W,,(/). 


(c) If M,C) = My + My, + +++ + MI, is a strong AH-subspace of V, (1), f(M,,(/)) is a strong AH-subspace of 
W, (1). 


Proof: 

The proof is similar to that of Theorem 3.18 . 

Example 3.20: 

Let V,(1), W2(/) be the two weak 2-refined neutrosophic vector spaces defined in Example 3.16. 

(a) M =< (1,0,0) >,N =< (0,1,0) >, L =< (0,0,1) > are three subspaces of V, 

T=M+NI1,+LI, = {(a,0,0) + (0,b,0)/, + (0,0, c)In; a,b,c € R} is a weak AH-subspace of V,(/). 
Consider f: V,(1) ~ W,(I) the weak AH-linear transformation defined in Example 3.16 . 

(b) AH — Ker(f) = Ker(g) + Ker(h)I, + Ker(s)I, = {(a,0,0) + (0,b,c)I, + (d,0,0)n;a,b,c,d ER. 
(c) AH — Im(f) = Im(g) + Im(h)I, + Im(s)I, = R*+< (1,0) > I, + R7Iy. 

(d) f(T) = g(M) + AW), + SCL) In =< (0,0) > +< (0,0) > +< (0,1), = 

{(0,0) + (0,0). 1, + (0,a)Iz;a € R}, which is a weak AH-subspace of W,(J). 

Theorem 3.21: 
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Let Y, 7), W,, (1) be two weak n-refined neutrosophic vector spaces over the field K, 


f:Va) > Wa); f Dike ili) = fo(@o) + Ailavh + + fr(Qnn = Lixo fi(ai)l; be a weak AH-linear 
transformation. Then: 


fa ty) =f@+fO), f(x) =r. f(x) forallx,y €V,0),r € K. 

Proof: 

Let x = rg ail. y = NL y Dil; be two arbitrary elements in V,, (1), r € K be any element in the field K, we have: 
fe t+y) = Fiza + DM) = Viko filai + DDK: = Diko filaili + Limo ADU = Ff) + FO). 

f(r.x) = fora) = Licofi(rah = 7. Liko fila =r. f@). 

Theorem 3.22: 

Let Y, 7), W,, (1) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K,,(/), 


£:VYW) > WWD; f ike Gili) = foldo) + filadh +--+ frlQnUn = Vito fi(ai)l; be a strong AH-linear 
transformation. Then: 


fxety) =f@+f),f(r.x) =r. f(x) forall x,y €V,C),r € K,(). 
Proof: 


Let x = i Gili. y = DL o Dil; be two arbitrary elements in V, (1), 7 = Yeo Mii © Ky(/) be any element in the n- 
refined neutrosophic field K,,(/), we have: 


fe ty) = fo + bd) = Lizo fila: + Di = Lio filahi + Lixo filbdhi = Ff) + fF). 
For the proof of the second proposition we use induction on n. If n=0, the theorem is true clearly. 
Suppose that it is true for n-1, we must prove it for n. 

f@r.x) = fei rQjl; jj) = f Qtj20 71,1; + ix Mi)anIn), we can write 

Epo li Ty = Mo + mMyly + + My-1Iy-1, 

Ceo Hi Aan = M1Anls + An] +°°+ (An +MOanVn, 

nx= L720 711) + Qizo MD AnIn = Mo + (my + ryan), + (mg + rag )Ig +++ (An + ™|An Un: 
f(r. x) = folmo) + filmy + anh + folm2 + Ana ++ fron + MAn)n= 

fom) + itm) + nila WI ++ + Lrofn (Qn) + Tfr(QnIn = 7 F(X). 

Theorem 3.23: 

Let V, 7), W,, C1), U, (1) be three weak n-refined neutrosophic vector spaces over the field K, 

fF: Wa) > Un f dio Gli) = fo(do) + AQ Dh +o + fnl@nw ln = Lixo filavli, 

9:VAW) > Wr); 9g ize Aili) = GoGo) + Gila Dh +--+ Gn Gan = Lixo Gi(aili 
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be two weak AH-linear transformations. Then: 

(a) fog = Yizofi0gi). 

(b) fog is a weak AH-linear transformation between V, (I), U,(/). 

Proof: 

(a) Let x = Vito aii € VD), fog) = fdiko ICQI) = F(Go(G0) + 91h +2 + In @n)In)= 
fo (90 (ao)) +f, (91 (a), a fir(Gn(Qn) In = Vio fioga (ali. 

(b) Since f,0g; is a linear transformation for all i, then we get the proof. 

Theorem 3.24: 

Let YZ), WC), U, CD) be three strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K, 
f:WrWD) > Un); f iso ali) = fol4o) + Ala +o + frlann = Lixo fila, 

GMAW) > WW); 9 Qixo Aili) = GoGo) + gilah +--+ Gn Gan = Lixo GiCAili 

be two strong AH-linear transformations. Then: 

(a) fog = Liko(fi0gi)- 

(b) fog is a strong AH-linear transformation between V,,(/), U, (J). 

Proof: 

The proof is similar to that of Theorem 3.23. 

Example 3.25: 


(a) Let V = R? bea vector spaces over the field R, V>(J) = R31) = {(xo, VoZ0) + (1 V1. 24, + 
(x2, 2) Z2)Ip; Xis Vir Zi € R}, 


be the corresponding weak 2-refined neutrosophic vector space. We have g:V > V; g(a,b,c) = (2b, 2c,0), 
h:V > V;h(a,b,c) = (2a,c¢,c), 

s:V > V;s(a,b,c) = (2b, 3c, a) are three linear transformations. 

(b) f:VidZ) ~ Vv.) f(m + nh, + qla) = g(m) + h(n), + s(qQ)a;m,n,q € V is a weak AH-linear 


transformation, j:V,7) > V,Z);j(m+ nl, + ql) = g(m) + 9M), + h(q)h;3 m,n, q € V is a weak AH-linear 
transformation. 


(c) fojm+ nl, + ql.) = gog(m) + hog(n)I, + soh(q)ly. 
(d) Put m = (2,1,0),n = (—1,0,0), q = (3,2,2), we compute foj as follows: 
foj(m+nl, + qlz) = gog[(2,1,0)] + hog[(—1,0,0)]J, + soh[(3,2,2)]L= 


g(2,0,0) + h(0,0,0)1, + s(6,2,2)1, = (0,0,0) + (0,0,0)1, + (4,6,6) I>. 
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5. Conclusion 


In this paper we have defined and studied weak/strong AH-subspaces and weak/strong AH-linear transformations in 
n-refined neutrosophic vector spaces. Also, we have presented some elementary properties and theorems about these 
concepts. 
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Abstract 


This paper presents the refinement of neutrosophic hypergroup and studies some of its properties. Several 
interesting results and examples are presented. The existence of a good homomorphism between a refined 
neutrosophic hypergroup H (J,, J2) and a neutrosophic hypergroup H (J) is established. 

Keywords: Neutrosophy, neutrosophic hypegroup, neutrosophic subhypergroup, refined neutrosophic hyper- 
group, refined neutrosophic subhypergroup. 


1 Introduction and Preliminaries 


Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as well as 
their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced 
in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic [20h In 
neutrosophic logic, each proposition has a degree of truth (T'), a degree of indeterminancy (J) and a degree of 
falsity (F’), where T, J, F are standard or non-standard subsets of |~0, 1*[, for more detailed information, the 
reader should see (517), In 2013, Florentin Smarandache in introduced refined neutrosophic components 
of the form < 7),75,--- ,Tp3 li, Lo,°, Jr; #1, Fo,--+ , fs >. The birth of refinement of the neutrosophic 
components < 7’, J, F' > has led to the extension of neutrosophic numbers a + bJ into refined neutrosophic 
numbers of the form (a+b, J, + bolo +---+b,I,) where a, by, b2,--+ , by are real or complex numbers. Using 
these refined neutrosophic numbers, the concept of refined neutrosophic set was introduced and this paved 
way for the development of refined neutrosophic algebraic structures. Agboola in F'] introduced the concept 
of refined neutrosophic structure and he studied refined neutrosophic groups in particular and presented their 
fundamental properties. Since then, several researchers in this field have studied this concept and a great deal 
of results have been published. In Eh, Adeleke et al. presented results on refined neutrosophic rings, refined 
neutrosophic subrings and in 2h, they presented results on refined neutrosophic ideals and refined neutrosophic 
homomorphisms. A comprehensive review of neutrosophy, neutrosophic triplet set and neutrosophic algebraic 
structures can be found in (22118}720) 

In (23), Marty, introduced the concept of hypergroups by considering the quotient of a group by its sub- 
group. And this was the birth of an interesting new branch of Mathematics known as “Algebraic hyper- 
structures” which is considered as a generalization of classical algebraic structures. In the classical algebraic 
structure, the composition of two elements is an element whereas in algebraic hyperstructure, the composi- 
tion of two elements is a non-empty set. Since then, many different kinds of hyperstructures (hyperrings, 
hypermodules, hypervector spaces,---) have been introduced and studied. Also, many theories of algebraic 
hyperstructures have been propounded as well as their applications to various areas of sciences and technol- 
ogy. For comprehensive details on hyperstructures, the reader should see 04. The concept of neutrosophic 
hypergroup and their properties was introduced by Agboola and Davvaz in (2. More connections between 
algebraic hyperstructures and neutrosophic set can be found in many recent publications, see PEERY. 

The present paper is concerned with the development of connections between algebraic hyperstructures and 
neutrosphic algebraic structures and again concerned with studying the refinement of neutrosophic hyper- 
groups in particular and present some of their basic properties. 


Doi :10.5281/zenodo.3958093 86 
Received: April 04, 2020 Accepted: July 08, 2020 


International Journal of Neutrosophic Science (IJNS) Vol.9 , No.2 , PP.86-99 , 2020 





For the purposes of this paper, it will be assumed that I splits into two indeterminacies /, [contradiction 
(true (J) and false (F’))] and I [ignorance (true (T) or false (F’))]. It then follows logically that: 


hh = R = 4h, 
InIo = te: = Ty, and 
ii = EE = 


Definition 1.1. “If x : X (11,12) x X (1, Ig) W X(N, Iz) is a binary operation defined on X (11, Iz), then 
the couple (X (11, Iz), *) is called a refined neutrosophic algebraic structure and it is named according to the 
laws (axioms) satisfied by *. 


Definition 1.2. “Let (X(1;, Iz), +, -) be any refined neutrosophic algebraic structure where + and . are ordi- 
nary addition and multiplication respectively. 
For any two elements (a, bly, cl2), (d,eh, fz) € X(N, Iz), we define 
(a, bly, clz) ae (d, eh, f12) _ (a + d, (b + e)li, et: f) 12), 
(a, bly, cIz) - (d,el, fz) = (ad, (ae + bd + be + bf + ce)h, (af + cd+cf)I2). 


Definition 1.3. “If” +” and.” are ordinary addition and multiplication, Jj, with k = 1,2 have the following 
properties: 


1. In +Ip +--+ +Ip = nlp. 

2. Ip + (—I,) = 0. 

3. Ip» Ip + +++ Lp = Lf! = Ip for all positive integers n > 1. 
4. 0-L, =0. 

5. I, ' is undefined and therefore does not exist. 


Definition 1.4. 4! Let (G, x) be any group. The couple (G(J1, Jz), *) is called a refined neutrosophic group 
generated by G, Jy and Ip. (G(Kh, Iz), *) is said to be commutative if for all x,y € G(K, 12), we have 
x*xy = y * x. Otherwise, we call (G(11, Iz), *) anon -commutative refined neutrosophic group. 


Definition 1.5. “If (X (Jy, Iz), *) and (Y (11, Iz), *”) are two refined neutrosophic algebraic structures, the 
mapping 
@:(X(h, Je), *) — (¥(h, &),*’) 


is called a neutrosophic homomorphism if the following conditions hold: 


1. o((a, bh, cla) * (d, el, flz)) => o((a, bhi, cl2)) x! o((d, ely, fle)). 
2. o(In) =I forall (a, by, cla), (d, el, flz) € X (Hh, Iz) and k = 1,2. 


Example 1.6. Let 

Zo(Iy, Iz) = {(0,0, 0), (1,0, 0), (0, 11,0), (0,0, Zz), (0,11, Iz), (1,1, 0), (1,0, 2), (1, Li, J2)}. 

Then (Za (11, Iz), +) is a commutative refined neutrosophic group of integers modulo 2. 

Generally for a positive integer n > 2, (Z,,(I1, [2), +) is a finite commutative refined neutrosophic group of 
integers modulo n. 


Example 1.7. “Let (G(J1, Iz), *) and and (H(I,, Iz), *’) be two refined neutrosophic groups. 

Let ¢: G(h, In) x H(i, I2) > G(h, Iz) be a mapping defined by $(x, y) = x and let 

wy: Gh, I2) x H(h,I2) — H(h, Iz) be a mapping defined by (x,y) = y. Then ¢ and w are refined 
neutrosophic group homomorphisms. 


Definition 1.8. "“ Let H be a non-empty set and o : H x H —+ P*(H) bea hyperoperation. The couple 
(H, 0) is called a hypergroupoid. For any two non-empty subsets A and B of H and x € H, we define 


AoB= U aob, Aoxw=Ao{a} and roB={x}oB. 
ac€A,bEB 
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Definition 1.9. “A hypergroupoid (H, o) is called a semihypergroup if for all a, b, c of H we have 
(ao b)oc=ao (boc), which means that 


U UoOC= U aov. 


weaob veboc 


A hypergroupoid (H, 0) is called a quasihypergroup if for all a of H we have ao H = Hoa = H. This 
condition is also called the reproduction axiom. 


Definition 1.10. “14 hypergroupoid (H, 0) which is both a semihypergroup and a quasi- hypergroup is called 
a hypergroup. 


Definition 1.11. “Let (H,0) and (H’, 0’) be two hypergroupoids. A map ¢ : H —> H’, is called 
1. an inclusion homomorphism if for all x, y of H, we have ¢(1 0 y) C ¢(x) 0! by); 
2. a good homomorphism if for all x, y of H, we have ¢(x 0 y) = $(x) o' d(y). 


Definition 1.12. “/Let H be a non-empty set and let + be a hyperoperation on H. The couple (H, +) is called 
a canonical hypergroup if the following conditions hold: 


l.e¢+y=y+42,forallz,y € A, 





2.¢+(y+z)=(%+y) +2, forall z,y,z € H, 

3. there exists a neutral element 0 € H such that x +0 = {x} =0+ 42, forall x € H, 

4. for every x € H, there exists a unique element —x € H such that 0 € a + (—a2) N(—a2) +2, 
5. 2€x2+yimplies y € —~+zandz € z—y, forall z,y,z € H. 


Definition 1.13. “Let (H, x) be any hypergroup and let < H UI >= {x = (a, bl) : a,b € H}. 

The couple N(H) = (< H UTI >,x) is called a neutrosophic hypergroup generated by H and J under the 
hyperoperation «x. The part a is called the non-neutrosophic part of x and the part b is called the neutrosophic 
part of x. If x = (a, bI) and y = (c, dI) are any two elements of N(#), where a, b,c,d € H, we define 


xxy = (a,bI) x (c, dl) = {(u,vl)|u€ axc,u €CaxdUb«cUbxd} = (axc, (axdUb«xcUbx«ad)l). 


Note that ax c C H and (axdUbxcUbxd) CH. 


2 Formulation of Refined Neutrosophic Hypergroup 


Definition 2.1. Let (H, x) be any hypergroup and let < H U (Nh, Ig) >= {x = (a,b, cla) : a,b,c € A}. 
The couple (H (11, I2),*), is called a refined neutrosophic hypergroup generated by H, J; and J under the 
hyperoperation x. The part a is called the non-neutrosophic part of x and the part b and c are called the neutro- 
sophic parts of x. 


If « = (a,b, clg) and y = (d,eli, fIz) are any two elements of H(J;, Iz), where a,b,c,d € H, we 
define 


(a, bly, clz) x (d, el, fl2) 
= {(u,vl,wl):ucaxdvecaxeUbxedUbxeUbs fUcxe,weaxfuUcxdUucx f} 
(axd,(axeUbxdUbxeUbs fUcxe)h, (ax fUckdUucx f)Iy). 


Note that ax d C H, (axeUbxdUbxeUbx fUcxe) C Hand (ax fUcxdUcx f) CH. 


uy 


I 


Note 1. If the operation on H (I), Iz) is hyperaddition (+") then for all x = (a,bI1, cIz) and 
y = (d, el, fIz) elements of H(I,, Iz), with a,b, c,d © H, we define 


x +! Y= (a, bh, cIg) +! (d, ely, fle) = (a + d, (b + e)h, (c + f)L2). 
Here the addition on the right is the hyperaddition in H. 


Proposition 2.2. Let (H,+) be a hypergroupoid, then, the refined neutrosophic hypergroup (H (Iq, Iz), +’) 
is a hypergroup with identity element 0 = (0,01, 012) iff (H, +) is a hypergroup with identity element 0. 
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Proof. Suppose (H, +) is a hypergroup and x = (a, bly, cl2), y = (d,eh, fiz), z = (g, hh, kl2) € H(h, I). 
Then we show that (H (11, Iz), +’) is a hypergroup. 
First, we shall show that (H (11, Iz), +’) is a semihypergroup. 

z+’ (y +! Zz) = a, bl, cl2) +! ((d, el, fI2) +! (g, hhh, kI2) 
a, bly, cla) + "((d+4gq, (e+ h)h,(f +k)l2)) 
a+(d+q),(b+(e+h))h, (e+ (f +k))L2) 
(ad) +9540) +N (e+ 1) +E) 
a+d,(b+ e)I hy (c+ f)l2) +’ (g, hh, kia) 
He) + " (d.ely, fI2)) +! (g, hh, kI2) 

= (x+'y)4+'z. 

Secondly, we shall show that (H (11, Iz), +’) is a quasihypergroup. 
That is , we want to show that « +’ H(i, I) = H(h, Ie) +’ « = A(h, I). 

x +! H(t, Is) = (a, bly, cz) +! {(d, el,, fI2) : (d, el, fI2) € H(I,, I2)} 
(a+d,(b+e)h, (c+ fh) 
HUG, 1s). 

= a+’ A(h, 12) C A(h, hh). 

Now we show that H(Iy,[2) C a +’ H(dh, Ig), let z = (g,hh, ke) € A(h, 12) with g,h,k € H. 
There exist a1, @2,a3 € H such that g € aj + H,h € ag+ A andk € a3 + A, since H is a hypergroup. 
Hence (g, hly, kg) € (a1, dati, a3I2) + H, which implies that H(11, Ig) C a +’ H(h, In). 
Accordingly, H(i, [2) = « +’ H(t, Iz). Similarly, we can show that H(11, I2) = H(h, Iz) +’ x. 
.. We can conclude that (H(J,, Iz), +’) is a hypergroup. 
Conversely, suppose (H (11, Iz), +’) is a hypergroup and x = (a, bly, cl2), y = (d,eh, fs), 
z=(g,hl,kIg) € H(h, Io), withha,d,g,b=c=e=f=h=k=0€E4. 
Then we show that (H, +) is a hypergroup. 
Since H(I,, Iz) is ahypergroup, x +’ (y+’ z) =(a+’y)+'z 





( 
( 
=r dl 
= tf 
( 
( 


Q 





IN Il 








But 
x +! (y +! Zz) = (a, Oh, O12) +! ((d, 011, OL2) +! (g, Ol, Ol2)) 
= (a,0h,0I2) +’ ((d+ 9), (0 + 0), (0 + 0)J2) 
= (a+(d+q),0h,0l2) 
= a+(d+q)) and 
(a +/ y) +z = ( a, O1;, OL2) +! (d, 0L,, OL2)) +/ (g, OL, OL2) 


( 
= ((a+4,(0+0)h, (0+ 0)J2) +’ ((d, 0h, O22) 
= ((a+d)+ 9,0h,0h) =(a+d)+g. 

oH yt’ 2) =(a+’y) 4H 2 a4+(d+Q9)=(a+a)+ 
Thus (H, +) is a semihypergroup. 


Since H(J,, Iz) is a quasihypergroup, for x = (a, bl), cl2) € H(h, Ig) witha,b=c=0€H 
we have that x +/ H(i, Io) = H(h, Io) +! v@ = H(h, kh). 
But 
a+! A(1,, Is) 


I 


(a, 011, 0l2) +’ H(y, I) 
= (a, OL, OL2) +! {(h, 0L,, 02) the Ht} 
= {(a+h,0h,0I2):h © H} 
= f{at+th:he H}=a+H and 
A(N, 12) +' ax = A(t, Iz) +! (a, 0L,, O12) 
= {(h, 0h, 02) :he H} +! (a, 011, O12) 
= {(h+a,0h,0I2):h © H} 
= {h+a:heH}=H+a. 
wa0+ A(,I2)=HA(h,l)H/eo—at+H=HH+a. 
Sincea € H, a+ H =H and H+a=H whichimplies thta+ H=H+a=H. 
Hence, we can conclude that (H, +) is a hypergroup. 

















Proposition 2.3. Every refined neutrosophic hypergroup is a semihypergroup. 


Proof. Let (H (11, Iz), x) be any refined neutrosophic hypergroup and let x = (a, bly, cl2), 
y = (d,eh, flz), 2 = (g, hh, kz) be arbitrary elements of H(J,, Iz), where a, b,c, d,e, f,g,h,k © H. 
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Then, 


rxy = (a,bl,,clz) x (d,eh, flz) 

{(u,ul,wlg): we axdv €axeUbxedubxeUbxs fUcxe,weax fUucxdUcx fh 
(axd,(axeUbxdUbxeUbs fUcxe)h, (ax fuUcxkdUucx f)h). 

H(h, b). 


IN II 


Hence, (H (11, Iz), x) is a hypergroupoid. 

Next 

xu (yx Z) (a, bly, cI2) x ((d, ely, fI2) x (g, hh, kI2)) 

= (a,bl,clz) x ((dxg,(dxhUexguUexhUexkUfxh)h, 
(dxkUfxgUfxk)Ig) 

= ax(dxqg),(ax(dxh)Uax(exg)Uax (exh) Uax(exk)Uax(f xh) 

Ub « (dx g) Ubx (dx h) Ubx (exg) Ubx (exh) Ubx (exk) 

Ub « (fxh)Ubx (dxk) Ubx (fxg) Ubx (f xk) Vex (deh) Ucx (ex g) 

cx (exh)Ucx(exk)Ucx(fxh))h, 

ax (dxk)Uax(f*«g)Uax(f«k)Ucx (dxg)Uck(dxk)Ucx(f xg) 

c+ (f «k))b) 


C 


— 


C 














= (axd)xg,((axd)xhU (axe)xgU(axe)khU(axe)xkU (ax f)xh 
U(bxd)xgU (bed) xhU(bxe)xgU(bxe)xhU(bxe)xkU (bx fl xh 
U(bxd) x kU (bx f) xgU (bx f) *kU(cxd) *xhU(cxe)xgU(cxe) xh 
U(cxe) kkU(cx fl xh)h, 
((axd)xkU(ax f)xgU(ax f)xkU(cxd)xgU(cxd)xkU(cxf)xg 
U(cx f) x k)I2) 

= ( a, bly, clz) x (d, ely, fI2)) x (g, hl, kI2) 

= (axy)*Z. 











Accordingly, (H (11, Iz), x) is a semihypergroup. 





Proposition 2.4. A refined neutrosophic hypergroup is not always a quasihypergroup. 


Proof. To see this, consider a refined neutrosophic hypergroup, say (H (11, [2),*), where 
(0,011, 0l2) € H(1, Iz). Then for x = (a, bly, clg) € H(t, Iz) we have that 


x * H(Ih, Iz) = (a, by, cIg) x H(h, In) 
= (a,b, cl2) * {(h1, hah, hgl2) : hi, h2,hs € H} 
= {ax hy, (axhgUb« hy Ubx hg Ub* hg Uc he) hh, (ax hg Uck hy Ucx h3)Ip} 
= {(u,vul, wig): ue axhy,vu € (axheUbx* hy; Ube hg Ub* hg Ucx ha), 
w € (axh3 Ucxh, Ucxhs)} 
© High). 
A(t, In) *« = A(I,, Iz) x (a, bly, cla) 
= {(hi, heli, h3l2) H hy, ho, hs E H} x (a, bly, cl2) 
= {hy xa, (hy xbU hg aU hg DU hg * CU hg * Ob), (hy X CUh3 kX aU hg x c)In} 
= {(u,uh, wig): ue hy xa,,v € (hy x bU hg kaU ho *¥bU hg * CU h3 xD), 
w € (hy xcUh3 xaUhgxc)} 
C Hib). 


We can see that « * H(i, Ig) = H(l, Ig) * x # H(Nh, Iz). This implies that reproduction axioms fails to 
hold in this case. 














We note that the reproduction axioms fails to hold in some refined neutrosophic hypergroup, hence there 
exist some neutrosophic hypergroups that are not hypergroup. This observation is recorded in the next propo- 
sition. 


Proposition 2.5. Let (H (11, Iz), x) be a refined neutrosophic hypergroup, then 
1. (H(t, Iz), *) in general is not a hypergroup ; 
2. (AH (11, I2), x) always contain a hypergroup. 


Proof. 1. From Proposition|2.4]above, we can see that the reproduction axiom is not always satisfied. Then 
the proof follows. 
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2. It follows from the definition of a neutrosophic hypergroup. 














Example 2.6. Let H = {a,b} be a set with the hyperoperation defined as follows 
axa=a, axb=bxa=b and bxb= {a,d}. 


Let 

A(Ny, I2) aa {a, b, a4 =: (a, al,, alg), v2 + (a, al,, blz), a3 = (a, bl,, aly), 4 = (a, bl, blz), B1 = 
(b, bly, bI2), bz = (b, bli, alz), 83 = (b, ah, blz), G4 = (b, aly, al2)} be a refined neutrosophic set and let x’ 
be a hyperoperation on H (I), Iz) defined in the table below. 


Take a = {a = (a,alh, alg), a2 = (a, ah, blz), a3 = (a, bhi, alg), a4 = (a, bli, bI2)} and 
B _ {Br = (b, bly, bz), Be = (0, bly, alz), Bs _ (b, al,, blz), Ba = (b, al, alz)}. 


Table 1: Cayley table for the binary operation ” x’ ” 











xa b a a2 a3 a, Bi Ba B3 Ba 
a a b a Q2 a3 a4 By Ba B3 Ba 
a2 a3 
a Br Bi Qa a4 Ol 4 
ae ee, B La} ee p ee, Bi Ai rey 
Bs Be 
a a fi a Qa eo a fy B ee B 
ag ag roe, a a a a 8B B B B 
Bi Q1 Qn Bi Br 
oo ie} {ase {asetas? {af ? 
a. aa ££ a a B B B B 
am {et &» 8 {ete {st tet tat tat 
a2 
Qa a Qa a Qa 
Pai, FE: B if : ta} {3} {3} {3} 
Bs 
a3 
C4 Br Br a a a a 
Bs » {8 tm} ? tat? te} tat tat tal 
Be 
Qa Qa a a Qa 
oom Lah e dl i e {st tet tet tof 





It is clear from the table that (H (11, Iz), «) is a refined neutrosophic hypergroup since it contains a proper 
subset {a, b} which is a hypergroup under x. 


Example 2.7. Let H = {a,b,c} and define” x” on H as follows 


Table 2: Cayley table for the binary operation ” x” 








x a b c 

a a b c 

b b-— {a,b} {b,c} 

c c. {b,c} {a,b,c} 





Let H(i, Iz) = {a,b,c,a1 = (a, al, alg), ag = (a, al, blz), a3 = (a, al, cl2),04 = (a, bh, alz),05 = 
(a,ch,alz),a6 = (a, bh, cl2), a7 = (a, ch, blz), ag = (a, bhi, bla), a9 = (a, ch, cl2), Bi = (6, bhi, bla), Ba = 
(0, bly, alz), B3 = (0, bly, cl2), Ba = (b, al;, bI2), Bs = (0, cl, blz), Be = (b, al,,cl2), Bz —. (b, cly, alz), Bg = 
(0, al,, aly), Bg = (b, cl), cl2), 71 = (c, cl), cI), T2 = (c, cl, al2), 73 = (c, cl;, blz), T4 = (c, al, clz), 75 = 
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(c, by, cl2),76 = (c, ali, blz), 77 = (c, bh, alg), 73 = (c,ah, alg), 79 = (c, bhi, bI2)} be a refined neutro- 
sophic set and let x’ be a hyperoperation on H(J;, Iz), then using the definition of * in Table[2], (A (1h, Iz), *’) 
is a refined neutrosophic hypergroup. 


Example 2.8. Let H(1), I2) = {e,a,},c, (hi, I2), (ah, alz), (bhi, bla), (ch, clz)} be a refined neutrosophic 
semi group where a? = b? = c? = e,ab = ba = cand ac = ca = band let P(N, I2) = {e, a, (ali, al2)} be 
a refined neutrosophic subset of H (J, I2).Then for all x, y € H(11, Iz) define 








toy = «P(Ih, I2)y. 
Then (H (11, Iz)), ©) is a refined neutrosophic hypergroup. 


Example 2.9. Let V (I;, Iz) be a weak refined neutrosophic vector space over a field kK. Then for all 
x = (a,bh,,cl2),y = (d,eh, fiz) € V(h, Iz) define 


coy = {ke(a+y):ke Kk} 


{ke(a+d),ke(b+e)h,ke€e(c+ f)lg: ke K} 
= {keatked,(keb+kee)h,(kec+kef)lo:k eK}. 


l| 





Then (V (11, Iz), 0) is a hypergroup. 


To see this we proceed as follows : 
Firstly we show that (V (11, Iz), 0) is a hypergroupoid. 
So, for x = (a, bhi, cl2),y = (d,eh, fl2) € (V(h, Iz), 0) and k € Kwe have that 


coy={ke(a+y): ke K}={ke(at+d),ke(bt+e)h,ke(c+f)k:ke Kk} 
=f{(u,vlh,wle):weke(atd),veke(b+e)weke(ct+f)}ev(h, lh). 


Next we show (V (Jj, 2), 0) is a semi-hypergroup, i.e., o is associative. 
Let x = (a, bli, clo), y = (del, fIz) and z = (g, hh, jI2) € V(h, I2) then we want to show that 
o(yo2) =(roy)oz 

Consider x 0 (yo z) = (a, bh, cla) 0 ((d, eh, flz)o(g, hh, jI2)) 

= (a,bl,,clg) 0 {(u,vhh, wl): ueke(d+g),vEke(eth)weke(f+ j)} 

={(p,qh,rlz):pEke(a Bee as aie ee a ore 

={(p,qh,rl):peke(atke(d+g)),qeke(b+ke(e+h)),reke(ct+tke(f+j))} 
(p,qh,rl2):pEeke(at+(d+g)),qeke(b+(eth)),reke(c+(f+J))} 
(p,qli,rlz):pEeke((atd)+g),qeke((b+e)+h),reke((c+f)+J)} 
( ( 

( 








{ 
{ 
={(p,qh,rlz):peke(ke(a+d)+g),qeke(ke(b+e)+h),reke(ke(c+f)+J)} 
={(p',q¢l,r'Io): p' eke(at+d),d €ke(b+e),r’ Eke(c+f)}o(g,hh, jz) 
= ((a, bli, cl2) S (d, el, fIz)) o (9, hl, jl2) 

=(coy)oz 

Next, we show that o satisfies the reproduction axiom. 

Let x = (a,bh,, clg) € Vi, I) with a, b,c € V then 

(a, bly, cl2) fe) V(i, I2) = {(a, bly, cl2) fe) (v1, voli, vst2) : V1, V2, V3 E Vv} 

= {(p,qh, ro): pe ke(atv),qe€ ke (b+ ve), ke (c+ v3)I3} 
={(p,qh,rle):peke(uta),qeke(ve+b)h,ke (v3 +c)I3} 
= {(v1, volt, v3) 0 (a, bhi, cla) : U1, V2, U3 EV}= V (hh, Ig) © (a, bly, cla) = V(h, Ia). 
Therefore V (hh, Iz) 0 (a, bly, cla) = (a, bly, cla) 0 V(h, Ig) = V (hh, Iz). 


Example 2.10. Let V (1:1, Iz) be a strong refined neutrosophic vector space over a refined neutrosophic field 
K (Qh, Ig). For all « = (a, bly, cl2),y = (d,eh, fl2) € V(h, Iz) and k = (p, qh, riz) € K(h, 12) define 


roy = {@alurh)©(otd,(6+oh, (c+ Nh)} 
= {(u,vh,wl): 
ue pe(a+d), 
vepe(b+e)Uqge(at+d)Uqe(b+e)Uqe(c+f)Ure(b+e), 
weéepe(c+f)Ure(a+d)Ure(c+f)}. 





Then V (11, Iz, 0) is refined neutrosophic hypergroup. 


Proposition 2.11. Let (H(1,, Iz), *1) and (K (h, Iz), x2) be any two refined neutrosophic hypergroups. Then, 
(A (I), 12) x K (th, Iz), x) is a refined neutrosophic hypergroup, where 


(21,02) * (Yi, y2) = {(@,y) 2 @ E21 *1 YY E Lo ko Yo, V(41, 22), (Y1,y2) € H(h, I) x K(h, Iy)}- 
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Proof. Let (21, X2), (y1, y2) € H(h, 12) x K(h, Iz), where x = (a, bly, cl) and y = (d, eh, fz) then 


(v1, 02) *(y1,y2) = ((a1, 01h, ete), (aa, bel, col2)) * ((di, eri, file), (de, e2h, filz)) 
=> {((ki, mihh, tie), (ke, moh, tel2)) : 
(ky, my, tT) € (a, by 11, cy 12) x (di, e1h1, fila), 
(ko, Mott, tele) E (a2, boty, coT2) x (do, e2li, fol2)} 
= {ky Ea, xdy,m, Ea, xe, Ub, kd, Ud, Ke, Uy & fy Ud & 1, 
ty E€ a,x fpUax*«dyUcq * fi, 
ko € ag k dg, M2 E Ag * €2 U bg x dz U bg & 2 U ba x fo U C2 x €2, 
to € ag * fo U cg * do U2 * fa} 
= {((a1 * dy, (a, * ey U by x dy U by x ey U by x fi Uc * ey) Ty 
(ay x fiuca xd,Ucy * fi)I2), 
(a2 * dg, (dz * eg U ba x dg U bg & eg U be & fo U C2 & €2:) Ia, 
(a2 x fo Uce x dy Uce2 * f2)I2)} Cc A(t, I2) x K(h, 12). 


Then (H (11, I2)) x K (11, Iz),x) is a refine neutrosophic hypergroupoid. 

Let, (11,22), (y1; Y2); (21, 22) E A(t, Iz) x K(h, 12), where x = (a, by, cl2), Y= (d, ely, f Iz) and 

z = (g,hljl2) then 

((@1, ©2) * (y1, ya)) * (21, 22) = (((a1, bi, e112), (a2, bali, cala)) * (di, erh, file), (de, e2h, fal2))) 

* (91, hati, jal), (g2, hal, jet2)) 

= {((ki, my, tiI2), (ko, M2Iy, teI2)) ky Ea, *d,,m, € ay xe, U bi xd, U bi *e,U by x fi Uc, * EL, 
ty E€ a,x fplUa*«dy,Uq x fi, ka € dg k dz,M2 E Ag * €g U ba & dg U bg & €g U bg & fo U Ca * €2, 

tz € a2 x fo Uce x dg Uce2 x fobx ((g1, ih, jit), (ge, heli, jot2)) 

= ((ki, mihi, tile), (ko, mali, tal2)) * (91, hihi, HL), (g2, hal, jet2)) 

= {((p1, Hh, r112), (p2, dati, ret2)) : pr © kik 91,91 © ka why Um & 1 Um & hy U my & jy Ut & Ad, 
r E€ ky «7, Uti *g1 Uti * 1, pa € ko * ga, q2 € ko x hg U me & gg UUme * he Uma? x jo Ute * he, 

(i) € kz * Jo Ute * go Uta * ja} 

= {((p1, ah, riz), (pe, dati, r2l2)) : pr € (a1 * dy) * 91, 

E (a1 * di) * hy U (a1 * €1) & gi U (b1 * dt) * gy U (b1 & 1) & gi U (b1 & fit) & gn ;U (41 & 1) & gi ;U (a1 * 
) «hy U (by * dy) & hy U (by & €1) & hy U (b1 & fit) & ha U (C1 * e1) * hy U (a1 * e1) * Jt 

(by x dy) * j1 U (by & 1) & 1 U (br & fit) & 1 U (C1 ¥ €1) & f1 U (a1 & fit) * A U (C1 * dt) & hy U (en * fit) & Ad, 
E (a, *d1) * 1 U (a1 * fy) * 91 U (er dy) & gy U (C1 * ft) & 91 U (01 * fi) kU (C1 * dy) & fj U (er ® fit) * 1 
po © (dg * dz) * ge, 

qa € (a2 * dz) * he U (a2 * €2) * ga U (be * dz) * go U (b2 * €2) * ga U (be * fo) * go U (C2 * €2) & go U (a2 * 
€2) * hg U (b2 * dz) * hg U (b2 * €2) & ha U (be * fo) * he U (C2 * €2) & he U (a2 * €2) & Jo U (b2 * da) * jg U 
(bz * €2) * ja U (b2 * fa) * Jo U (C2 * €2) * JaU, (a2 * fo) * he U (co * dz) * ha U (C2 * fo) * ha, 

Tq € (Az * dz) * jz U (G2 * fo) * gz U (C2 x dz) * go U (C2 * fa) * 92 U (a2 x fa) x Jz U (C2 * da) x J2 U (C2 * fa) x Ja} 
= {((p1, 141, 7112), (p2, dati, 2L2)) : pr € ay * (di * 91), 

qd € ay x (dy x hy) Ua * (e1 * g1) U by & di (&g1) Ubi & (e1 & gt) Ubi & (ft * gi) U er * (€1 * gi) Vay * (€1 * 
hy) U by & (dy * hy) U by * (e1 * hy) U by & (ff & AL) U er & (€1 & A) U ay & (€1 * fi) 

U by x (dy * j1) Ub & (e1 * j1) Ub1 & (fi * j1) Ver * (e1 & j1) Ua & (fr hh) Ur * (dy &h1) Ue * (fi * hy), 
TL € ay x (dy *j1) Var * (fi * gi) Ver * (di & 91) Ver * (ff & gi) Var * (fr ji) Ver * (da & 1) Ver & (ft * 91) 
p2 © az x (dz * ge), 

q2 € ag * (dg * hz) U ag x (€2 * ga) U be (dg * go) U ba * (€2 * go) U ba * (fo * go) U ca * (€2 * gz) Uag * 
(€2 * ha) U bg * (da * he) U be * (€2 * ha) U ba * (fo * he) U co * (€2 * ha) U ag * (€2 * ja) U be * (do * ja) U 
bg * (€2 * ja) U bo * (fo * ja) U co * €2 * j2)U, a2 * (fo * he) U co * (dg * ha) U ce * (fo * ha), 

T2.€ ag * (dz * jo) Vag * (fo * go) Uc2 * (dz * g2) Uco * (fo * g2) Udo x (fa * jo) Uc * (do * ja) Uc * (fa * Jo) } 
= ((a1, 01.4, e112), (a2, beIy, coI2)) * {((u1, vit, wile), (ug, Vel, W2T2)) : 

uy € dy *gi,U1 € dy xhyUer xg, Vere hy Vex Ufixhiwi €dr*pyUfixgufixy, 

U2 € do * g2, v2 € dz x hg Ueg x ga U eg kx hg Veg k ja U fo x he, we € do * jo U fo * go U fo * ja} 

= ((a1, b1h1, e112), (ae, boli, col2)) * (((di, er, file), (do, eat fola)) * (gi, Athi, ji 12), (g2, helijel2))) 
= (1,22) * (1, ya) * (21, 22)). 

Hence, (H(11, Iz) x K(h, Iz), *) is a refined neutrosophic semi-hypergroup. 

Lastly, let (71, v2) € H(1), Ig) x K(h, Ig) then 

((a1, bi, ert2), (a2, boli, c2I2)) * (A (hh, 12) x K(N,I2)) 

= {((a1, biti, ca), (a2, beth, c2I2)) * ((di, e1ti, e2I2), (do, ott, fole)) : (di, eri, e212) € A(N, 1), 
(do, eli, fola) S K (Nh, I2)} 

= {(ai * dy, (a1 * ey U by x dy U by * ey} U by x fi Ucr *e1)h, (a1 * fi Uc x dy Ue * fi)do, 

(a2 * do, (az * €2 U bg x dg U ba x €9 U bo x fa U co * €2) 11 (a2 * fo U ca * dg U co * fo) Io} 








2 Ce. 
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= (a1, bith, C112) * A(h, Ip), (a2, belt, C212) * K(h, Ip) 
= A(h, In) « (a1, bh, e112), K(h, In) x (a2, boli, C212) since A(h, Tp) and K(h, Ip) are hypergroups. 
= A(, 12) x K(h, Ip). 

Hence (H (11, I2)) x K (11, Iz), x) is a refined neutrosophic quasi hypergroup. 

Then we can conclude that (H (11, I2)) x K (Nh, Iz), x) is a refined neutrososphic hypergroup. 














Proposition 2.12. Let (H(I,, Iz),x*) be a refined neutrosophic hypergroup and let (K,o0) be a hypergroup. 
Then, (H(Iy, 12) x K,x’) is a refined neutrosophic hypergroup, where 


(hy, ky) x (ha, ke) => {(h, k) the hy x! ho, ke ky ° kg, V(h1, ky), (ha, kz) € N(#) x Kk}. 
Proof : It follows from similar approach to the proof of Proposition : 


Proposition 2.13. Let (H (11, Iz), x) be a refined neutrosophic hypergroup, then for all elements of H (I, Iz) 
no two elements combine to give empty set. 


Proof. Let (a, bli, cl2), (x, yi, zl2) € H(h, Iz). Suppose (a, bli, I2) x (2, yh, 212) = 0. 
Then since H(J,, Iz) is a neutrosophic hypergroup, by reproduction axiom we have 

H(1,, Iz) = (a, bl, cla) x H(i, In) 
(a, bh, cla) * ((a, yl, Iz) * H(t, I2)) 
((a, bly, cla) x (x, yh, I2)) * H(i, Ia) 
«x H(N,, Iz) 
0 


l| 


l| 











This is absurd, hence there exist no two elements of H (J, Iz) that combine to give empty set. 





Definition 2.14. Let H(J,, Iz) be a refined neutrosophic hypergroup and let K[J,, Iz] be a proper subset of 
H(Nq, Iz). Then K[Ih, I] is said to be a refined neutrosophic semi-subhypergroup of H (J, Iz) if 
“oxy CK[h, Io] foralla,y € K[h, Ip}. 


Definition 2.15. Let H(J,, Iz) be a refined neutrosophic hypergroup and let K[1;, Iz] be a proper subset of 
A(h, Ip). Then 


1. K[I1, Ig] is said to be a refined neutrosophic subhypergroup of H (11, Iz) if K[Ly, Ig] is a refined neu- 
trosophic hypergroup, that is, K[J;, [2] must contain a proper subset which is a hypergroup. 


2. Kj, Ig] is said to be a refined pseudo neutrosophic subhypergroup of H (11, 2) if K (ti, Ig] is a refined 
neutrosophic hypergroup which contains no proper subset which is a hypergroup. 


Note 2. A refined neutrosophic hypergroup is a much more complicated structure than the structure of a 
refined neutrosophic group. In a refined neutrosophic group, the intersection of any two refined neutrosophic 
subgroups is a refined neutrosophic subgroup, this is not usually so in the case of a refined neutrosophic 
hypergroups, since the reproductive axioms fails to hold in this case. This has led to the consideration of 
different kinds of refined neutrosophic subhypergroups, which are ; Closed, Ultraclosed and Conjugable. 


Proposition 2.16. Let M(I), 12) and N(h, Iz) be any refined neutrosophic subhypergroups of a refined neu- 
trososphic hypergroup H (I), Iz), then M(Iy, 12) A N(Qh, 12) is a refined neutrosophic semi-subhypergroup. 


Proof. M(Ih, I2)NN (hi, I2) #9, since M (hh, Iz) and N(h, Iz) are non-empty subhypergroups of H (1h, [2). 
Now, let 7 = (a1, bith, C112), Y= (a2, bol, C212) E M(h, Iz) a) N(h, Tp). 

Then (a1, bil, C112), (a2, boli, C212) E M (hh, Iz) and (a1, bith, C112), (a2, bah, C212) E N(ii, Ig). Since, 
M (Ih, Iz) and N (J, Iz) are refined neutrosophic subhypergroup, we have that 

(a1, bili, C112) * (a2, boli, C212) Cc M(h, Ip) and 

(a1, bili, C112) * (a2, bol, C212) @ N(h, Ip) = (a1, bith, C112) x (a2, bol, C212) Cc M(h, In) N(h, Ip). 
Hence, M(1,, Ig) MW N(11, Iz) is a refined neutrosophic semi-subhypergroup. 














Proposition 2.17. Let M(1;, Iz) and N(Ih, Iz) be any refined neutrosophic semi-subhypergroups of a refined 
neutrososphic commutative hypergroup H(I,, Iz), then the set 


M(h, b)N(h,d2) = fey: 2 € Mh, b),y € N(h, b)} 
is a refined neutrosophic semi-subhypergroup of H (Ih, I2). 
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Definition 2.18. Let K (11, Iz) be a refined neutrosophic subhypergroup of a refined neutrosophic hypergroup 
(A(h, Iz), x). Then, 


1. K (11, Iz) is said to be closed on the left (right) if for all ky, k2 € K(,I2),a € H(h, In) we have 
kg € uk ky (ko € ky x x) implies that x € K (Nh, Is); 


2. K (11, Iz) is said to be ultraclosed on the left (right) if for all « € H(11, Iz) we have 
ux K (Ih, I) Naxx (A (Ih, I2)\K (hh, I2)) = 0 (K (th, 2) xzrn (A (Nh, I2)\K (hh, L2)) KE = 0); 


3. K (11, Iz) is said to be left (right) conjugable if K (1, Iz) is left (right) closed and if for all 
x € H(K, Iz), there exists h € H(1q, Iz) such thataxh C K(h,I2) (hea C K(h, Iy)); 





4. K (Nh, I2) is said to be (closed, ultraclosed, conjugable) if it is left and right (closed, ultraclosed, conju- 
gable). 


Proposition 2.19. Let K[I,, Iz] be a refined neutrosophic subhypergroup of H(1,, Iz), Aly, Ie] © K[h, Lo] 
and Bh, Tp] G A(h, Ip), then 


1, A[h, I2|(Bih, Lo] ia) K(hh, I2]) C Alh, 12] Bh, Lo] N KT, Ip] and 
2. (BIL, bh] N Kh, b))Alh, b] C Bih, hb) Alh, bh] N K{h, hl. 














Proof. The proof is similar to the proof in classical case. 


Proposition 2.20. 1. If K[I,, Is] is a left closed refined neutrososphic subhypergroup in Hy, 19}, 
A[hy, 1p] Cc Kih, Tp] and Bih, Ip] C Alhy, I], then 
(BUh, 2) 0 Kh, fy))/Alh, 4] = (BEG, 2)/Alh, 2) 0 Kh, B]. 


2. If K[Ly, Is] is a right closed subhypergroup in H|Ih, Iz], Ali, I2] © K (hh, In] and Bil, Ig] C Ah, In 
then (Bi, 12] nq K{h,, Jy))\ Ath, 22] = Bil, L2]\Alh, 2] Kh, Ly]. 











Proof. The proof is similar to the proof in classical case. 





Proposition 2.21. Let K[11, [2], M[fy, [2] be two refined neutrosophic subhypergroups of a refined neutro- 
sophic hypergroup H[I1, Iz] and suppose that K |Iy, Is] is left (or right) closed in HI, Ig]. 
Then K[Iy, [2] M[1y, Iq] is left (or right) closed in M|I,, 15]. 











Proof. The proof is similar to the proof in classical case. 





Proposition 2.22. Let (H (11, Iz)),*) be a refined neutrosophic hypergroup and let p be an equivalence rela- 
tion on H(Iy, Iz). 


1. If p is regular, then H(1y, Iz)/p is a refined neutrosophic hypergroup. 
2. If p is strongly regular, then H(I,, Iz)/p is a refined neutrosophic group. 
The proposition will be proved with the example provided below. 


Example 2.23. If (G(J,, 2), +) is a refined neutrosophic abelian hypergroup, p is an equivalence relation in 
G(Jq, Iz), which has classes = {x, —x}, then for all %, 7 of G(1, I2)/p, we define 


Loy = {x +y, 2 — y}. 
Then (G(I1, I2)/p, 0) is a refined neutrosophic hypergroup. 


Proof. Let ,9 € G(h, I2)/p, where Z = (a, bl,, cI2), and ¥ = (d, el, fIz) then 

toy = (a, bli, cl2)o(d, el, fl2) = {(at+d, (b+ e)h, (c+ f)l2), (a—-d, (b—e)h, (c— f)la)} 
=. {x +Y,t — y} € G(Ii, I2)/p. 

Then (G(J1, I2)/p, 0) is a refined neutrosophic hypergroupoid. 

Next we show that o satisfies the associative law. Let 7, 9, Z € G(1h, Iz)/p, where = (a, bly, cla), 
y = (d, ely, flr) and z = (g, hh, jle) then 

xo(yoz) = (a,b, cla)o ((d, eh, Fla)o(9, hh. 31) 

=(@ bh, ch)o{G+a,(e+ Mh, FFE), G=9,e-h,F—-Dh)} 


= {(a, bly, cla)o(d + 9,(e + h)h,(f+5)I2), (a,bh,cla)o(d—g, (ehh, (f — jy) 




















Doi :10.5281/zenodo.3958093 95 


International Journal of Neutrosophic Science (IJNS) Vol.9 , No.2 , PP.S6-99 , 2020 








= {4 FG), OF (e+ ML, (e+ (F +I), (@— (EF 9), O— (EF Mh, (6— FF D)B}, 
{(a+ (d= 9), 6+ (e— hh, (e+ (F — Hh), (a= (d= 9), (b= (eh), (C— FJ) )}} 
=U{(at +5), 0+ (e+ h)h, (e+ F + H)h), (a= (d+ 9), b= (e +h), (C— F $I), 
d— 9), (b+ (e—h))h, (e+ (F—A)h), (a@— (d—9), = (€—h)h, (e— (FH) 
(@+ (+9), 0+ (e+) (e+ F +I) b), (a+ (d= 9), 0+ (eB), (C+ FB); 
d—9),(0—(e—))h, (€—(F—)ha), (@— (4+ 9), (CFM) (e—(F + Hye) 
F904) +M)h (e+ I) +I). (ata —9, (GFE) —Mh, (e+ f) Nh) 
(=) +9,(0-0) +H)h (e—F) + Ib) (a— 4 —9, (0-2) -Mh, ((e-f)—hy$ 
={(@¥ 0), OF Oh, (6+ Mh)oG, hh, jl), (a— 4), 0— Oh, (e— Yh ol, hi, jh) } 
= {(@+ a), 
= (( 






































ma jj or OW 














( 
) 




















b+ 
(b+ e)h, (c+ f)l2), ((a— d), (b—- Mh, (€= f)} og, hh, jl) 


a, bly, clz)o(d, eh, [l)) o(g, hl, j12) 
= (Zoy)oz. 

Now we show that o satisfies the reproduction axiom. Let  € G(q, Iz) /p then 

a, bl, cl2)oG(Ih, I2)/p = {(a, bli, cl2)o{(d, el, fl2) : (d, ely, fI2) E G(Ih, I2)} 
a, bI,, clz)o(d, ely, fIz) : (a, bli, cl2), (d, eli, fl2) € Gh, In)} 

ar d), b+ eh, (c os f)12), ((a = d), (b % e)h, (c i f)I2)} 

ar d), b+ eh, (c ah f)l2), —((a Tv d), (b a e)h, (c + f)l2), 

sho — e)li,(e— f)ig),—(a—d), (@— ellis (¢= f)ia)} 








— 








AAAS 








i=) 
| 
ag 
“= 
aoe 
fav) 





b)h, (f T e)I2), —((d “ls a), (e Tv b)h, (f Ty e)I2), 

b) li, (f — ¢)I2), ((d— a), (e — 6), (f — e)I2)} 

d+a),(e+b)h,(f +e)l2),-(d+ a), (e+ b)h, (f + e)h), 
pte bo. c)I2), ((d a), (e b)h. (f = o)J2)} 

d+a),(e+b)h, (f + e)I2), ((d— a), (e— 6), (f — e)l2)} 

d, el, fIz)o(a, bly, clz)} 

d, ely, fIz)o(a, bly, cl2) : (d, el, f12) €E G(Ii, I2)} 

(11, I2)/p oO (a, bly, cl2) 

= G(h, In)/p. 

Hence we say that (G(J1, I2)/p, 0) is a refined neutrosophic hypergroup. 
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Definition 2.24. Let (Hy (11, Iz), *1) and (Ho(th, I2)), x2) be any two refined neutrosophic hypergroups and 
let f : Ai (, I2) —> H2)(h, I) be a map. Then 


1. fis called a refined neutrosophic homomorphism if: 
(a) for all x,y of Hi (Ni, 12), f(w x1 y) © f(x) 2 f(y), 
(b) f(x) = Ip for k = 1,2. 

2. fis called a good refined neutrosophic homomorphism if: 
(a) for all x, y of Hi (Nh, 12), f(a 1 y) = f(x) x2 fly), 
(b) f(x) = Ip for k = 1,2. 


3. f is called a refined neutrosophic isomorphism if f is a refined neutrosophic homomorphism and f~! is 
also a refined neutrosophic homomorphism. 


4. fis called a 2-refined neutrosophic homomorphism if for all x, y of Hy (hh, I2), 
f-"(F(@) #2 Fy) = FF («1 9). 


5. fis called an almost strong refined neutrosophic homomorphism if for all x, y of Hy (h, 2), 


f-"(F (a) x2 Fy) = FF (@)) #1 FF ))- 


Proposition 2.25. Let (H (11, Iz)),*) be a refined neutrosophic hypergroup and let p be a regular equivalence 
relation on H(I,, Iz). Then, the map $ : H(Iy, 12) —> H(N, Iz) /p defined by 
(a) = & is not a refined neutrosophic homomorphism (good refined neutrosophic homomorphism). 
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Proof. It is clear since I € H(Iy, Iz) but ([,) A In. 











Note 3. Suppose we wish to establish any relationship between the refined neutrosophic hypergroups and 
the parent neutrosophic hypergroups, or any other neutrosophic hypergroup. Then, our task will be to find a 
mapping @ say, such that 

oO) 4 HA (Ii, Iz) —> H(1). 


For all (x, yl, zI2) € H(h, Iz) define ¢ by 
P((#, yl, 212) = (2, (y + 2)2). (1) 
In what follows we present some of the basic properties of such mapping. 


Proposition 2.26. Let (H (I), Iz), +’) be a refined neutrosophic hypergroup and let (H(I), +) be a neutro- 
sophic hypergroup. The mapping ¢ defined in |1| above is a good homomorphism. 


Proof. @ is well defined. Suppose (x, yli, z[2) = (x’y'h, 2’/Iz) then we that « = 2’, y = y’ and 2’ = 2’. So, 
O(a, yh, z12)) = (x, (y ai z)I) =a! + (y' + z')I = d(z"', yl, z'Ig). 


Now, suppose (2, yi, zI2), (x’, y/ Ty, 12'I2 
b((x, yl, 212) anf (2! ,9' Th, 2'I2)) = 


WN 


€ H(, 12) then 

((a+2'), (yty)h, (z+ 2’)L2) 
cto’) (ytyt2+2/\1 
at+e')(ytz)+(y+2'))l 
ata’), ((y+z)l + (y’ + 2’)0) 
av, (y+ 2)I) + (2, (y' + 2’)L) 
(x, yh, zIg) + O(a, yh, 212). 





mam 














—_~1~ 


eS 





Hence ¢ is a good homomorphism. 











Definition 2.27. Let (H (11, Iz), +’) be a refined neutrosophic hypergroup with identity element (0, 0/;, 0/2) 
and (H (11, Iz), -+) be a neutrosophic hypergroup with identity element (0, 07). Let d : H(h,I2) —> H(J) 
be a good homomorphism, then 
ker@? = {(a, yh, 2I2): O((@, yh, zI2)) = (0,01)} 
= {(a, yh, 212): (@, (y+ 21) = (0,01)} 
{(0, yi, (—y)J2)}- 


Proposition 2.28. Let 6: H(11, I2) —>+ H(I) be a good homomorphism. 
1. ker ¢ is a semi-subhypergroup of H(Iy, Iz). 
2. Imé¢ is a subhypergroup of H(I). 


Proof. 1. Let (a, bly, cla), (2, yh, zz) € ker ¢, then 
o((a, bly, cla) +! (a, yh, zl2)) = o((a,bh,cl2)) + O(a, yh, z12)) 
= (0, OF) + (0, OF) 
(0, OF) 
=> (a,bh,ch) + (a, yh, zl2) C kerd. 
Hence, ker¢ is a semi-subhypergroup. 


I 


2. Let (a, bly, cl) € H(t, I2), then 


O((a, bhi, cl2))+o(A(h,f)) = U(e,uis2t2)€H (1,12) ((a, bly, cl2) + (x, yh, 212) 
o((a, bly, Iz) +! Ah, Iz)) 
= (H(h, I)). 


Following similar approach we can show that ¢(H (1, Iz)) + (a, bh, cl2)) = 6(A(h, I)). 
Thus, Im¢ is a subhypergroup of H(I). 


l| 
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3 Conclusion 


In this paper, we have studied the refinement of neutrosophic hyperstructures. In particular, we have studied 
refined neutrosophic hypergroups and presented several results and examples. Also, we have established the 
existence of a good homomorphism between a refined neutrosophic hypergroup H(J,, Jz) and a neutrosophic 
hypergroup H(I). We hope to present and study more advance properties of refined neutrosophic Hypergroups 
in our future papers. 
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Abstract 


Neutrosophy began as a branch of philosophy that considered neutrality in addition to the positive and negative. It 
consists of the addition consideration of a neutral state to complement the binary approach of true or false. Its creator 
quickly extended it to the field of mathematics and it was gradually applied to all fields of science. Here, we present 
a reverse approach that highlights the importance of neutrality in all fields of study and application, citing some 
revealing examples. Furthermore, we explain that this importance of neutrality is intrinsic to all sciences because it is 
based on natural foundations. Indeed, neutrality is a forming part first of all of the human conception of things, of our 
way of thinking, of cognition in general but also of living things, matter and even particles. In addition to these most 
real-world physical concrete aspects, neutrality is inherent to mathematics, to logic first of all, but also to probabilities 
and statistics where neutrality which simply results from a large number of objects, the universe. Thus neutrosophy is 
well adapted to the majority of applied problems because its modeling is inspired by reality and that it allows, in 


particular, to deal with the component of uncertainty and indeterminacy that the real world comprises intrinsically. 


Keywords: Neutrosophy, three-state , neutral state , undetermined , incertitude , natural basis. 


1-Introduction 


We will first point out that neutrosophy [1] rests on several bases that are natural: these bases result directly from the 
temporal aspect of the real world. Then, in the second part, we will describe some examples of situations that are 


intrinsically three-state, and which are therefore areas where the neutrosophic approach is essential. 


Neutrosophy is a modeling based on three states and not just two as in classical logic. In addition to the true and false 
states, which define the classical logic known as Aristotelian [2] or Cartesian (according to Descartes, [3]), 
neutrosophy introduces a third state: the neutral state (we will see below that it also represents indetermination). This 


neutral state gives its name to neutrosophy; it extends the dialectic [4] of the the positive and negative by also 
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considering neutrality. Neutrosophy is originally a branch of philosophy [5], which was introduced into the various 


fields of science, especially mathematics with first logic, then sets, [6] probabilities, and statistics [7,13-14], etc. 


2.These natural bases derive from the temporality of the real world 


Neutrosophy is closely related to reality, the material world, because it is only a reflective representation of reality in 
its many natural bases, and this is due to the temporal aspect of the world (the most fundamental one). Thus temporality 
introduces the possibility of change in addition to the constancy that characterizes timelessness. If change is possible, 
if it can exist, then constancy can also exist. Absence of change (no-change) is often observable at a certain scale and 
in a certain time interval. In a temporal view of the world, neutrality is this aspect of constancy, of non-change. In that 
case of constancy, the change is then neutral, there is no change, neither in one direction nor in the opposite. Therefore, 
neither positive nor negative, it is the neutral state. In neutrosophy this third state can also be seen as indeterminacy, 


it then also serves to model phenomena that are not perfectly determined or known. 


We will come back to this aspect of indeterminacy linked to neutrality, which results from temporality. Before doing 
so, we wish to mention the other fundamental bases that imply neutrality, and therefore the need to consider this 
concept. In physical reality, any instantaneous situation is characterized by a set of real values that measure it 
quantitatively: they are not discrete states, although quantum mechanics has discovered this, but in a first 
approximation and in a more macroscopic way, continuous values, continuously variable, without discontinuous 
jumps. In this simplified paradigm, which is that of the usual sciences, the instantaneous value of a descriptive 
parameter is expressed as a real number. This value can be changing or approximately stable during a time interval. 
Although everything is constantly changing, at least infinitely, we can consider as a first approximation that there are 


sometimes more or less long moments of stability. 


Mathematically it is customary to model according to the simplest approach by a polynomial representation and from 
this representation has derived differential and integral mathematics (8). From a temporal signal represented by a 
polynomial, one can calculate its variation: this is the derivative, i.e. the difference (and therefore the change) it 
presents in a time interval. Dually, from a derivative we can reconstitute the signal, it is the integration. When the 
derivative is approximately zero then the signal is approximately constant. The neutral derivative implies the absence 
of variation of the temporal signal. Accessorily a positive derivative represents an increase of the signal and a negative 


derivative corresponds to a decrease. 


This mathematical basis comes from a physical basis: the notion of the trajectory (in mechanics, 9). Considering a 
particle, its velocity is the (first) derivative of its temporal position, and so on, its acceleration is its second derivative, 
and the curvature of the trajectory is linked to it. In the absence of an external force causing an acceleration of the 
particle, its speed is unchanged (in value and direction), and its trajectory is reduced to its simplest expression: a 
straight, rectilinear trajectory. This is a physical reality that corresponds to a neutrosophic vision: positive, zero, or 
negative tangent force corresponding to acceleration, neutrality, deceleration, and also a perpendicular force producing 


a positive curbature, a straight line, a negative curvature of the trajectory. 
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Above all, neutrosophy is a model adapted to human thought (more qualitative than quantitative), which most crudely 
way will perceive the parameters a situation either as constant, changing in one direction (increasing, positive), or 


changing in the other direction (decreasing, negative). 


Finally, in simple arithmetic, we consider integers. In this discontinuous case the situation can also change or not. For 
example, to a collection of 5 objects we can add 1, and then we have 6, or on the contrary remove | and there are 4 
left, or finally be neutral, not acting so that the number does not change (the Brownian motion of the thermal agitation 
of the molecules gave rise to the theoretical development of Markov chain [12], where the simplest case consists 


precisely in a variation at each step of -1, 0 or +1, see reference [10]). 


In connection with the simple model inspired by human perception of the evolution of a three-state situation, a three- 
state control can be defined: increment, hold constant or decrement. For example, it was the control lever of the first 
elevators that either turned on the motor in one direction or the other, or stopped it. This type of control can be found 
in many devices because it is so intuitive and efficient, like the joysticks in video games. Although only two push- 
buttons are needed to perform this function, in a human interface design a three-state toggle lever is often preferred 


as it is more in line with the human three-state apprehension. 


3-Transition to situations characterized by 3 states 


The real world includes a large number of situations that are characterized by 3 states, and these are therefore 


advantageously modeled by neutrosophy because of its design around the positive, neutral and negative states. 


The bases that we have seen in the previous section are derived from the temporal essence of the physical world, 
therefore they are characterized by its change but also by the possibility of constancy at some scale of observation and 


for some duration. 


Another fundamental aspect of the physical world is its plurality, at least apparent, it is made up of several objects, 
together with linked by forces of interaction. This number of objects is large, so a statistical approach can be envisaged. 
The states of objects, especially those that are similar or close, are often governed by statistical distribution laws, such 
as the so-called precisely normal (or Gauss’) law. In an interpretation of a world seen from a statistical perspective one 
can then classify the objects in the first approximation among 3 main categories: those whose situation is characterized 
by a value close to the statistical mean of all these objects, those below the mean and those above the mean. Thus the 
statistical modeling at its coarsest level is consistent with the simplified human perception of the three states: similar 
to the average, less and more than the average. 
In this way, the physical world as seen through human eyes at the most immediate level is organized into three 
categories: (in vincinity of the) average, above average, and below average. This basic perception can be applied to 
any observation. Typically in sociology, one of the basic criteria of (socio-professional) classification is to consider 3 


levels of wealth: the middle, upper and lower classes. 
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4-Situations characterized by 3 states 


Now we can give some examples of situations intrinsically characterized by 3 states, some of which stem from, or are 


similar to, this elementary statistical vision. 


4.1. Perception : temperature 


As an example of human-related perception and thus also of this simplistic and qualitative assessment of a reference 
value, we would like to start with temperature. Human beings generally consider several different situations 
concerning their body temperature: room (ambient) temperature, food temperature, and water temperature for bathing. 
These cases come from whether we consider it to be a pleasant temperature or not, and if not, whether the temperature 
is too hot or too cold. The first case that corresponds to our comfort zone is perceived as neutral. For example, our 


body temperature is 37°C, and we find the room temperature pleasant when it is between 19 and 22 degrees. 


The appreciation of the temperature can vary according to the circumstances, for example the ideal temperature while 
standing still (21 degrees Celsius) is not the same as for physical activity (18°C), nor is the ideal temperature for a 
cool drink (8°C) or on the contrary for warming up (50°C), but with more difference. The pleasant, or neutral zone is 
generally relatively narrow compared to the zones that appear to us to be either too little or too much (before reaching 
the pain zones). This remark can be made in many situations that we will present as intrinsically three-state, which 
probably led to the oversimplified two-state representation which then gradually imposed itself as the only one that 
can be thought of, for example day or night, while there is also twilight which can be quite long (if we are located far 


from the equator). 


4.2.Chemistry: acidity 


Also related to life and the conditions it imposes, inorganic chemistry we have the measurement of the pH (hydrogen 
potential, hydrogen ion concentration) of a solution and its representation in 3 classes, neutral, acidic and basic. Here 


this is due to the primordial role of water in life, and pH 0, therefore neutral, is defined as that of water. 


4.3.Linearization at the working point 


Many phenomena in the real world are non-linear, however for simplification we wish to use a linear approximation 
to make approximate calculations easily. For example, a transistor working with small signals will have its transfer 
characteristic approximated by a straight line tangent (to the response characteristic curve) at the bias point (operating 


point). 

For slightly larger signals, three linearly approximated zones are then considered: a zone around the operating point 
with a certain range, a zone below the range and another zone above it. 

4.4. Neurons 


Another example of a non-linear situation is the neuron of the nervous system or its artificial equivalent, as used in 


computer science for artificial intelligence, which exhibits strong non-linearity due to its saturation characteristic. 
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This characteristic stems from its learning function which proceeds by reinforcement, and symmetrically inhibition 
(in case of good results, respectively bad results). We will then use a modeling by three zones: lower (negative 
saturation), central or neutral (transmission), and upper (positive saturation). Reinforcement as a learning method 
consists in treating the difference between what the neuron produces as an output value from its inputs and what it 
should do in this situation. If the difference is small, then the neuron has already learned well and only a small 
adaptation is required, this is the central, linear, and relatively neutral zone. On the other hand if the difference is large 
either in the right, or in the opposite, directions then the retroaction proper to the reinforcement should be stronger in 
positive or negative, but easily saturated, i.e. be almost the same in all cases, whether the error is medium or large. 
Here saturation consists of limiting the correction in case of large deviations in order to progress towards the result 
in small steps for a large number of successful successive examples, so as not to give too much importance to a single 


example, to obtain generalized learning of the examples treated. 


4.5.Human Conceptions of the World 


The real world often consists of 3 categories, or the human being perceives it for a particular area as consisting of 


objects of three main types. 


For example, our capacity for consciousness implies a conception of temporality. We distinguish between the present 
in which we are and act, the future which is die to come and that we wish to influence by our present actions, and the 
past which we no longer have control over but that is valuable as information, reusable knowledge to determine our 
actions. Here the present is only a small thing in the infinite time of both past and future, however it is considered as 
a specific category. A binary vision of only the existence of a past and the arrival of a future would deprive us of any 


awareness of a possibility of action on the world. 


Our world is made up of physical objects and living beings. Some of these with which we consciously relate are the 
result of sexual reproduction and so are we. Thus we have a conception of gender that is in three states: neutral for the 
inanimate, and male and female for the living. Note that the French language gives very little importance to the neutral 


gender compared to English and German, perhaps as a result of a more anthropomorphic conception of the world. 


Finally, conditioning all our cognition, and therefore our way of thinking, we attach to people, living beings, objects 
and even abstract concepts an affective coloration, and this in a typical three-state way: we appreciate, like love, 
something or on the contrary we consider it negatively or for less known things we are relatively indifferent to it. 
Concerning a large part of things, we affect them, often unconscious, which can be of varying degrees of intensity and 
which influences all our thoughts about them. As a result, our cognition is weighted by the effects of the three-state 
type. Moreover, it would seem that the very mechanism of reflection is three-state, particularly in the rationality used 
to decide on a choice and to seek solutions, which is done step by step. Either a partial solution is seen as positive or 


negative and then tends to end the reflection, or it is rather neutral and then allows the reflection to continue. 


An emblematic case of choice is that of voting where, for a subject as well as for a candidate, one will have in addition 
to the rational aspects a positive, negative or neutral attraction, and also one will vote accordingly respectively either 
yes, no or blank (for example by abstention) if rational considerations are not clearly not preponderant. 
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A concrete application is the technique of sentiment analysis, which is used in political science and also in finance to 
determine the positive, negative or neutral content of e.g. speeches of politicians or financial news for investors in a 


computerized way. 


When a person has to make a decision, often in addition to accepting or rejecting what is proposed he may also decide 
to postpone his decision, to prefer to wait, which corresponds to a third state, in a certain neutral way (and expressing 


his uncertainty). 


Another area where human conceptions are naturally in three states is that of evaluation, one can also speak of 
appreciation, and which therefore relates to effects and feelings, and even, as a result, to accounting. For example, the 
budget consumed by a project or the time allotted to carry it out can be: exceeded, within acceptable limits, or the 
forecasts were too pessimistic. A project can be judged as qualitatively good, satisfactory, or bad. Similarly, an 
objective may be exceeded, achieved, or not achieved. The result of a learning outcome is considered according to the 


first approach in a classical way, but according to the second in an approach by objectives. 


For example, the cost of a project may be within the forecasts, or it may exceed or fall short of the forecasts. In a 
not-for-profit association one will try to balance income and expenditure, whereas in a commercial company one will 


aim at a profit, fearing the deficit, the alarm of which is the appearance of relatively balanced accounts. 


4.6.Chemistry: phase change 


In each discipline many examples can be found, here is another in chemistry. During the phenomenon of phase change, 
as between solid and liquid, matter does not only have two states, the original and the final one, but also a transition 


state (viscous matter infusion). 


4.7. Physics: electrical charges 


Any particle in quantum physics has an electric charge or not, and this charge can be positive or negative. This 


produces 3 states for the electric charge characteristic of particles: positive, neutral, negative. 


Similarly molecules also have a charge that is likewise either positive, neutral or negative. If they are charged then 


they are called ions, subdivided into positively charged cations and negatively charged anions. 


4.8 Neutral or indetermination 


In the introduction, we explained that neutrosophy is characterized by the addition of a third state to allow a better 
(comprehensive and qualitative) representation of reality. This additional state is generally considered as a neutral 
state. It can also be given other meanings, leading to other fields of application. This state is often considered to 
represent uncertain information. Then neutrosophy will be used to treat in a better way real-world situations where 
uncertainty exists and is not negligible. For example, several simultaneous measurements of the same quantity 
generally produce different values when the sensors are sensitive. Or different measurement procedures with different 
accuracies have to be combined, which implies considering the uncertainty (here the measurement uncertainty). Many 
phenomena are inherently uncertain, especially at the atomic level, because they are governed by probabilistic laws. 
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For example, the radioactivity of a radioactive isotope decreases with time at the macroscopic level according to an 
exponential law characterized by a halving in a constant period, called the half-life. However, each atom during a time 
interval decays or not, independently of the others and only in a probable manner. All atoms are taken together, 


however, follow the macroscopic statistical law of exponential decay, 


Already with logical information, such a problem arises. When a large number of facts have been manipulated for 
different questions, for example in an expert system, some facts will be irrelevant for certain questions and therefore 
have to be considered neutraly. This corresponds to the neutrosophic logic mentioned at the beginning, which is more 
flexible in dealing with large numbers of facts than a classical logic that knows only true or false. Thus, composition 
with a non-relevant or neutral value will not change the value of a fact, whereas composition in classical logic can 
only be done with true or false, which in either case will not consider the other information. Typically, a 
counterexample is enough to cancel a law in classical logic, but it can be a bad counterexample, not very relevant, not 
very frequent, obtained by oversimplification in true or false. Or a counterexample that is impressive but misleading. 
Such binary logic is easier to handle for humans: it is black or white, and for computers; but it often goes too fast. The 
brain manipulates preferences very well, so why not consider them more. In any case, the best of reasons will remain 


ours: we ultimately think about what we desire to think. 


Let's end this section with another example, taken from meteorology, which brings out the concepts of uncertainty and 
neutral zone: a prognosis of future weather conditions may be that the weather will be uncertain and not just good or 
bad. In a simplified forecast, for example, the air pressure will be considered to be either rising, stable or falling. 
Figure | of the weather station shows that the same indication, depending on the context, can mean the opposite: it 
says that in summer a rising temperature indicates an improvement in the weather, while it also says that in winter a 
rising temperature indicates a deterioration in the weather. If the indications of the three types of sensors agree then 


the forecast is more plausible. 
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Figure 1 : Weather station 


For information at the time of the photo it was almost the beginning of summer, and there was a big storm half an hour 
later, which lasted only three minutes. It would have been good to have taken a second photograph a few minutes apart 
to be able to determine the changes in the measurements, because according to the written indications it is the upward 
or downward variation that is indicative and not the current value. It is not explicitly stated that if, for example, the 
pressure is stable, then this information is neutral, non-relevant. Thus it appears that in this example we are considering 


3 cases: rising, stable, falling. 


4.9. Communications: bipolar coding 


This may seem paradoxical that bipolar coding is actually in three states. On a simple electrical wire, such as the 
telegraph wire, a message can be sent using Morse code: with a switch, a current can be sent or not (in fact by imposing 
a voltage, coming for example from a battery, connected to earth on the other pole). It is a unipolar coding: voltage or 
nothing. You can also flip the battery, thus inverting its poles, so you have the opposite voltage, negative if it was 
positive before. So instead of transmitting two states 0 and 1, we can now transmit three: -1, 0 and +1, using the two 
poles of the battery, one after the other. By working at the same speed it is now possible to transmit more information, 
so this coding with two polarities voltage is more efficient. The receiver can be made with a device consisting of a 
magnetized needle that deflects when a current passes through the wire wound in a coil (forming an electromagnet), 


and it deflects in the opposite direction when the current is reversed. A spring is used to return the needle to its rest 
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(neutral) position when there is no current. A cable is usually limited or defined by its insulation, so it can also work 
as a bipolar cable. 


5. Conclusion 


We have given some examples of situations where it is usual to consider three states in very different fields. These 
situations appear to us first of all because of the habit of naturally having three states, and therefore neutrosophy is 


well suited to model them. 


By considering these cases, which are numerous, become perceptible some rather deep reasons that make us consider 
these situations as intrinsically of three-state type. The most apparent reason is subjective, we see such a situation 
according to our intellectual perception as having three states. It is in a way a privileged way for humans to see the 


world and to conceive a representation of it. 


Then similarities between these situations show that more profoundly they are of a three-state nature, following the 
more general way of functioning, by increasing degrees of universality and decreasing degrees of evidence: first of 
cognition, then of living beings and finally of the physical world with its temporal aspect in particular. According to 
the first approach, a reflection is a progression of stages ending in success or failure. Each stage is colored by our 
preferences in positive, negative or neutral. If it is neutral, then we must evaluate other stages, otherwise our 
preferences will lead us to a conclusion. Our motivation for satisfying needs or for pleasure implies that some things 
are irrelevant, unimportant, some positive and some negative. The physical world is also governed by laws of attraction 


and repulsion, as with the electric charges of ions, atoms and particles: positive, neutral, or negative. 


Finally, we find the three great universal categories of perception or representation: increase, relative stability, 
decrease that derive from the existence of time, intrinsically made of the present but which produces the past and 
consumes the future, inexorably. This time allows variation and also relative constancy over a certain time. More 
abstractly, any phenomenon, any collection, has an average value, and any situation or element can be approximately 
in the average, above or below it. Everything is thus essentially of a three-state type and not binary, a too limited mode 
of representation, considering only that something exists or not: static whereas everything is dynamic, a too over- 


simplifying view and therefore a misleading one. 
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Abstract 


The objective of this paper is to define and study the concepts of strong AH-submodule, and AH-homomorphism in 
a refined neutrosophic module. Also, this work describes the algebraic structure of all AH-endomorphisms defined 
over a refined neutrosophic module. 


Keywords: Refined neutrosophic module, Strong AH-submodule, AH-homomorphism 
1. Introduction 


A neutrosophic set is a powerful general formal framework which generalizes the concept of the classic set, fuzzy 


set [13], interval valued fuzzy set [12], intuitionistic fuzzy set [9] etc. A neutrosophic set A defined on a universe 


U.x =x (T iP) € A with T, I and F being the real standard or non-standard subsets of Jon’. T is 


the degree of truth membership function in the set A, I is the indeterminacy-membership function in the set A and 
F is the falsity-membership function in the set A. Agboola introduced the concept of refined neutrosophic 
algebraic structures and studied refined neutrosophic groups in particular [6]. Adeleke et al. in [7,8] studied refined 
neutrosophic rings and refined neutrosophic subrings and presented their fundamental properties. Recently, Hatip et 
al. studied refined neutrosophic modules and refined neutrosophic homomorphisms modules and presented their 
basic properties [10,11]. Abobala et al. in [1,2] studied some special substructures of refined neutrosophic rings. 
Also in [3], Abobala et al. studied classical homomorphisms between refined neutrosophic rings and neutrosophic 
rings and presented their basic properties. Abobala and Alhamido studied AH-substructures in neutrosophic modules 


and AH-subspaces in neutrosophic vector spaces [4,5]. 


The present paper is devoted to the study of AH-strong refined neutrosophic modules. Also, the strong AH- 
homomorphism modules will be established. 
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2. Preliminaries 
In this section, we present the basic definitions that are useful in this research. 


Definition 2.1: [10] Let (M +.) be any R-module over aneutrosophic ring R (2) The triple (uM (Z),4,-) is 


called a strong neutrosophic R-module over a neutrosophic ring R (J ) ,generated by M and I. 


Definition 2.2: [6] Let (x (J ms »)> +s) be any refined neutrosophic algebraic structure where + and - are 


ordinary addition and multiplication respectively. J, and I , are the split components of the indeterminacy factor 

Tthat is 1=a@1,+fI, with a,BeR or C. Also, J, and I,are taken to have the properties 
2 2 

T, =1,,f; =1, andl J, =1,1, =1, . 


For any two elements, we define 


1) x +y =(a,bI,,cl,)+(d,el,,fl,)=(a+d,(b +e)I,,(c +f )I,) 
ad (ae +bd +be +bf +ce)I,, 
(af +cd +f )1, 


Definition 2.3: [10] Let (7 ,+,.) be any R-module over a refined neutrosophic ring R(/,,/,), The triple 
y 197 2 


2) hy =(a,bI,,cl,)-(d,el,, 2) = 


(uM (J isl & ), 4, ‘) is called a strong refined neutrosophic R-module over a refined neutrosophic ring R (J ne ) ; 
generated by M, I, and I,. 


Definition 2.4: Let (J ) be a strongneutrosophicR-module, the set S =P +QI = {x +yl:x eP,y <Q} 
where P and Q are submodules of M is called an AH-submodule of M (J ) and If P =Q then S is called 
an AHS-submodule of M (J ). 


3. Main discussion 
Definition 3.1: 


Let M(J,, 12) be a strong refined neutrosophic module over the refined neutrosophic ring R(,, 12), P, O, S be three 
submodules of M. The set N = (P, Q1,,SI,) = {(a, bl,, cl); a € P,b € Q,c € S} is called a strong AH-submodule 
of the strong refined neutrosophic module M(1,, I,). 


If P=Q=S, we call N a strong AHS-submodule. 
Theorem 3.2: 
Let M (J, Iz) be a strong refined neutrosophic module over the refined neutrosophic ring R (Jy, I), 


N=(?P, PI,, PI,) be a strong AHS-submodule. Then N is a submodule by classical meaning. 
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Proof: 

The proof is similar to that of theorem 3.4 in [13]. 

An AH-submodule is not supposed to be a submodule of M(J,, /,) in general. See the following example. 
Example 3.3: 

Let M = Z, be a module over the ring of integers Z, the corresponding refined neutrosophic module is 


M(,, 12) = {(a, bj, cl); a, b, c € M} over the refined neutrosophic ring Z(,, 1), we have P = {0,3},Q = {0,2,4} 
as two submodules of M. 


N = (P,Q, Plz) is a strong AH-submodule of M(,, In), x = (2,31,,0) € N,r = (1,1,,12,) € Zh, In) 


r.x = (2,[2+34+34+3+40]i,,[2 +0 + O]/,) = (2,51, 21,), which is not in N, thus N is not a submodule. 
Theorem 3.4: Let M (I ee )be a strong refinedneutrosophic R-module over a refined neutrosophic ring 


R ials ) and let {N,, oe be a family of a strong AH-submoduleof M uals ). Then AN, } is a strong 


ned 
AH-submodule of M (J Fe ) 


Proof: Clearly ALN «bc #0, Vn eAlet we havex =(a,b1,.cl,), (d,el,,fl,)EQ{N,} for 


neh 


a,b,c,d,e,f belongto P,O,S,T V ,K respectively where P,O,S,T V ,K are asubmodules of M and 


let be «= @ =(p,gl,,71,)eR(1,,1,). Then x+y ,ax en{N,} 


age Since, for 


Wn ea, xt+ye AN, i and AX € AN, } Hence A{N,} s a strong AH-submoduleof 


ned neat 


M (1,,1,). 


Remark 3.5: Let M (J oe >) be a strong refinedneutrosophic R-module over a refinedneutrosophic ring 
R eG ) and let NV, and N , be two distinct strong AH-submoduleof M (Zists) . Generally, N, UN, is not a 


strongAH-submoduleof M (J ony ) ; 


However, if N, CN,or N, DN, then N, UN, is a AH-submoduleof M (E20). 


Definition 3.6: 


Let M,W be two modules over the ring R, M(/;, Iz) and W (I;, I) be the corresponding strong refined neutrosophic 
modules over the refined neutrosophic ring R(J,,/J,). Let f,g,h:M—-W be three homomorphisms, then 
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[f.g,h]:MUh, lL) - Wd, 1); Uf, g, he bly, cla) = Cf (a), g(b)h, h(c)I,) is called a strong AH-homomorphism. 
If f = g =h, we get the strong AHS-homomorphism. 


Definition 3.7: 


Let M(1,,1,),W (11, Iz) be two strong refined neutrosophic modules over the refined neutrosophic ring R(J;,/2), 
[f,g, h]:M(h, I.) ~ WU, 1,) be a strong AH-homomorphism, we define 


(a) AH — Ker|f,g,h] = (Ker(f), Ker(g)h, Ker(h)I,) = {(a, bl, cl,);a € Ker(f),b € Ker(g),c € Ker(h)}. 
(b) AH — ImIf, 9, h] = (Im(f),Im(g)h, Im(h) 12). 
Theorem 3.8: 


Let MC, 1,),W(1,, 12) be two strong refined neutrosophic modules over the refined neutrosophic ring R(/;, 12), 
[f,g,h]:M(h, 1.) ~ WU, 12) be a strong AH-homomorphism. 


(a) If N = (P,Q],,SIz) is a strong AH-submodule of M(J,,1,), then [f,g,h](N) is a strong AH-submodule of 
WI). 


(b) [f,g,h] is a classical module homomorphism. 

(c) AH — Ker|f, g,h] is a strong AH-submodule of M (Jj, I,). 
(d) AH — Im[f, g,h] is a strong AH-submodule of W (J, /,). 
Proof: 


(a) Since f (P), g(Q), h(S) are submodules of N, we find that [f, g, h]CN) = (f (P), g(Q)h, h(S)I,) is a strong AH- 
submodule of WC, I2). 


(b) Let m = (x, yl, ZI), n = (a, bI,, clz) be two arbitrary elements in M(/;, 12), r = (t, ul,, viz) be any element in 
RU, 12), 


m+n=(x+t+a,[y+ b]h, [z+ cl), r.m = (tx, [xu + yt + yut yu + zull,, [xv + zt + zv]l,), 


[f,g, hl@n +n) = (f(x +a), gly + bh, Az + YL), 9) Ah) + F(@), g(b)h, h(c)a) = 
[f.ghlm) +1f,g,h](™m). 


Lf, g, Al(r.m) = (f (tx), g(feu + yt +yut yv + zul)l,, h([xv + zt + zv])I,)= 
(t,uh, viz). f(x), gO), h(z)I2) = r.[f,g, h](m). Thus [f, g, h] is a classical homomorphism. 


(c) Since Ker(f), Ker(g), Ker(h) are submodules of M, then AH — Ker[f,g,h] = (Ker(f), Ker(g)l,, Ker(h)I,) 
as a strong AH-submodule of M(j;, I). 


(d) Since Im(f),1m(g), Im(h) are submodules of W, we get AH — Im[f, g,h] = (m(f),Im(g)I,, Im(h)I,) as a 
strong AH-submodule of W(jj, I,). 


Example 3.9: 
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(a) Let M = R*,W = R be two modules over the ring R, 

f:M 9W; fy) = 2x,g:M > W; g(x,y) = 3y,h:M > W;h(x,y) = x + y are three homomorphisms. 
(b) [f, 9, A): MCh, 2) > Wt) fg AN 9), @ Oh, (S. mMk) = Fy), g@, Hh, As, m)I2)= 
(2x, 3tI,, [s + m]I,) is a strong AH-homomorphism, where x, y, z,t,s,m € R. 

(c) P = {(0,x);x € R},Q = {(x, 0); x € R} are two submodules of M, 

N = (P,P, QI2) = {(C0, x), (0, yy, (z, 0) In; x,y,z € R} is a strong AH-submodule of M (i, I,). 

(d) f(P) = {0}, g(P) = 8yiy © R} = R, AQ) = {452 E RJ=R, 


[f,g, RIN) = (PP), g(P)L,, h(Q)In) = (0, RL, RI) = {C0, xl, yl,);x,y € R} is a strong AH-submodule of 
W (1, 12). 


(ec) Ker(f) = {(0,x);x € R}, Ker(g) = {(x, 0); x € R}, Ker(h) = {0,—-y)iy € R}, 
AH — Ker[f,g,h] = (ker(f), Ker(g)I,, Ker(h)I,) = {(0, x), Cy, OL, (2, —Z) In); x,y,z © R}. 
Remark 3.10: 


We denote to the set of all strong AH-homomorphisms from a strong refined neutrosophic module M(J;, I) to itself 
by AH — END(M(,, I2)). 


Definition 3.11: 
Let M(J,, Iz) be a strong refined neutrosophic module over the refined neutrosophic ring R(/;, 12), 


AH — END(M(I,,12)) be the set of all strong AH-endomorphisms, we define operations on AH — END(M (Ij, I2)) 
as follows: 


Let fi, gi; t € {0,1,2} be any homomorphisms from M to itself, we define 
Addition: [fo, fi, fal + [90,91 92] = fo + of + 91 fo + 92]. 

Multiplication by a scalar, if r = (7%, 1411, 72/2) is any element in R(4,/), then 
T= (%, T7212). [fo fr l= 

Lrofo (oft + Mfo +h + ifs + Mfr), (Tofe + Taf2 + T2fo)] - 

Multiplication: [fo, fi, falolgo, 91,92] = 

[fo9 90 fo091 + fr0Go + fr9g1 + fr992 + f2091 fo0ge + f2090 + f2092). 
Theorem 3.12: 

(AH — END (Mh, is); +,0) is a refined neutrosophic ring. 


Proof: 
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Since L = {f:M > M; f isa homomorphism} is a ring with respect to addition and multiplication, then L(/;, I) is 
a refined neutrosophic ring as a result of the definition of neutrosophic rings. It is easy to see that L(,,1,) = AH — 
END(M (i, 1,), thus we get the desired proof. 


Theorem 3.13: 
(AH — END(M(,, I), +,.) is a refined neutrosophic module. 
Proof: 


Since L = {f:M > M; f isa homomorphism} is a module with respect to addition and multiplication by a scalar 
taken from the ring R, we regard that L(,,1,) = AH — END(M(I,,1,) is a strong refined neutrosophic module over 
the refined neutrosophic ring R(J;, 1/2) as a simple result from the definition of strong neutrosophic modules. 


4, Conclusion 


In this research, we have defined the AH- Strong refined neutrosophic modules, and established the definition of 
AH-homomorphisms in refined neutrosophic modules. We have proved some theories related to these issues and 
given some clarifying examples. 


5. Future Research Directions 
As a future work, this article can be extended to include semi AH-homomorphism in modules as well as the 


definition of semi refiend homomorphism in general. 
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